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Preface 


The series of workshops on "What Comes Beyond the Standard Model?" started 
in 1998 with the idea of organizing a real workshop, in which participants would 
spend most of the time in discussions, confronting different approaches and ideas. 
The picturesque town of Bled by the lake of the same name, surrounded by beau¬ 
tiful mountains and offering pleasant walks, was chosen to stimulate the discus¬ 
sions. 

The idea was successful and has developed into an annual workshop, which 
is taking place every year since 1998. Very open-minded and fruitful discus¬ 
sions have become the trade-mark of our workshop, producing several published 
works. It takes place in the house of Plemelj, which belongs to the Society of Math¬ 
ematicians, Physicists and Astronomers of Slovenia. 

In this eight workshop, which took place from 19 to 29 of July 2005 at Bled, Slove¬ 
nia, we have tried to answer some of the open questions which the Standard 
models leave unanswered, like: 

• Why has Nature made a choice of four (noticeable) dimensions? While all the 
others, if existing, are hidden? And what are the properties of space-time in 
the hidden dimensions? 

• How could Nature make the decision about the breaking of symmetries down 
to the noticeable ones, if coming from some higher dimension d? 

• Why is the metric of space-time Minkowskian and how is the choice of metric 
cormected with the evolution of our universe(s)? 

• Why do massless fields exist at all? Where does the weak scale come from? 

• Why do only left-handed fermions carry the weak charge? Why does the 
weak charge break parity? 

• What is the origin of Higgs fields? Where does the Higgs mass come from? 

• Where does the small hierarchy come from? (Or why are some Yukawa cou¬ 
plings so small and where do they come from?) 

• Where do the generations come from? 

• Can all known elementary particles be understood as different states of only 
one particle, with a unique internal space of spins and charges? 

• How can all gauge fields (including gravity) be unified and quantized? 

• How can different geometries and boundary conditions influence conserva¬ 
tion laws? 

• Does noncommutativity of coordinate manifest in Nature? 

• Can one make the Dirac see working for fermions and bosons? 

• What is our universe made out of (besides the baryonic matter)? 
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• What is the role of symmetries in Nature? 

We have discussed these and other questions for ten days. Some results of this 
efforts appear in these Proceedings. Some of the ideas are treated in a very pre¬ 
liminary way. Some ideas still wait to be discussed (maybe in the next workshop) 
and understood better before appearing in the next proceedings of the Bled work¬ 
shops. The discussion will certainly continue next year, again at Bled, again in the 
house of Josip Plemelj. 

Physics and mathematics are to our understanding both a part of Nature. To have 
ideas how to try to understand Nature, physicists need besides the knowledge 
also the intuition, inspiration, imagination and much more. Accordingly it is not 
surprising that there are also poets among us. One of the poems of Astri Kleppe 
can be found at the end of this Proceedings. 

The organizers are grateful to all the participants for the lively discussions and 
the good working atmosphere. 


Norma Mankoc Borstnik 
Holger Bech Nielsen 
Colin Froggatt 

Dragan Lukman Ljubljana, December 2005 
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1 Can MPP Together with Weinberg-Salam Higgs 
Provide Cosmological Inflation? 

D.L. Bennett’ and H.B. Nielsen^ 

’ Brookes Institute for Advanced Studies, Bogevej 6, 2900 Hellerup, Denmark 
^ The Niels Bohr Institute, Blegdamsvej 17, 2100 Copenhagen 0, Denmark 

Abstract. We investigate the possibility of producing inflation with the use of walls rather 
than the customary inflaton field(s). In the usual picture one needs to fine-tune in such a 
way as to have at least 60 e-foldings. In the alternative picture with walls that we consider 
here the "only" fine-tuning required is the assumption of a multiply degenerate vacuum 
alias the multiple point principle (MPP). 

1.1 Introduction 

One of the major problems with inflation models in general is that one needs the 
inflation to go on for very many e-foldings - of the order of sixty - so that the uni¬ 
verse can expand by a needed factor of the order of exp 60 while the scalar field 
causing this inflation remains at roughly the same field value, or at least does 
not fall down to the present vacuum state value (see for example |(T||). Accepting 
the prejudice that the field value should not be larger than the the Planck scale, 
a normal inflation with an inflaton field would require a rather flat effective po¬ 
tential over a large range of field values but with the restriction that the present 
vacuum field value should not be further away in field value space than about 
a Planck energy. This would seemingly suggest a a rather unnatural essentially 
theta-function-like effective potential. Of course one can with finetuning just pos¬ 
tulate that the inflaton effective potential has whatever strange shape may be 
needed, but it would be nicer if we could instead use some finetuning principle 
that could also be useful in other contexts. 

Now we have for some time worked on the idea of unifying the apparently 
needed finetunings in the Standard Model (or perhaps some model behind the 
Standard model) into a single finetuning principle that postulates the coexistence 
of many vacua or phases with the same cosmological constant namely zero. This is what 
we called the multiple point principle (MPP) EI^ which states that observed cou¬ 
pling constant values correspond to a maximally degenerate vacuum. 

The point of the present article is to attempt to find some way to use the 
finetuning to the degenerate vacua (which is what happens if MPP is assumed) 
to replace the finetuning otherwise needed to get the rather theta-function-like 
behavior of the inflaton effective potential. In fact it is not so unlikely that such a 
replacement of one finetuning by another one could work. We might think about 
it in the following way: 
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The essence of what is needed is some field variable cf) - that could be present 
say as a scalar degree of freedom in any little neighborhood in space - that can 
simulate the inflaton field. This variable 4^ should now be associated with an 
effective potential - it could be a potential for a Higgs field - having roughly the 
properties of the inflaton effective potential that are needed needed for a good fit¬ 
ting of inflation. That is to say we should have an effective potential as a function 
of this scalar field cf) which would behave like the needed theta function. Note that 
if we restrict ourselves to using only the Standard Model we would have to use as c}) 
the only scalar field available in the Standard Model namely the Higgs field. Now 
the characteristics of the many degenrate vacua effective potential for some Higgs 
field say is that there can, without a need for a volume-proportional energy, be 
several vacua or phases present in the same spatial regionfij. The energy needed 
for this is only proportional to an area and not to a volume since all the different 
vacua have energy density zero. In fact the states that we here refer to consist of 
two distinct phases separated from one another by a system of walls. Essentially 
we envision simulating the theta function by having an effective potential that as 
a function of a degree of freedom corresponding to the distance between phase- 
delineating walls become "saturated" at some constant value when the distance 
exceeds some threshold. This essentially means that instead of the usual scenario 
with inflation in three spatial directions, we instead have lack inflation along one 
spatial direction. As a consequence, inflation is restricted to taking place along 
(within)the wall system that make up the boundary between the two (or many 
more than two in principle) phases. 

We speculate about whether there could be, even during an ongoing Hub¬ 
ble expansion, a network of walls that could keep on adjusting itself so as to keep 
both the energy density and the negative pressure constant so that inflation could 
be simulated. Such a possibility could come about if the walls expand locally more 
than the regions between the walls with the result that the average distance be¬ 
tween the walls does not have to increase at the same rate under a Hubble ex¬ 
pansion as would be the case for isotropic geometrical expansion which would 
lead to an increase in the distance between the walls by the same factor as time 
goes on as the expansion along the walls. With this (anisotropic) expansion only 
along walls we can imagine that the walls must curl up in order to cope with that 
the average expansion of the whole of space filled with many walls lying in some 
complicated way is less than the expansion of the walls locally. Such a curling 
up of walls complicates estimating what really will go on. Hence the possibility 
for some stabilization of the local density and the revelation of crude features of 
the wall network is not totally excluded. Most important is that the walls are not 
driven by forces caused by volume energy density differences - as would gener- 
ically be the case - because we have assumed the degeneracy of the vacua (our 
MPP assumption). It is for this reason that the assumption of the multiple point 
principle leads to wall motion (i.e., field values in the transition region between 
phases) that is much less strongly driven and in this way mimicks a locally flat 
effective potential for the inflaton field which is needed phenomenologically to 
get slow roll. That is to say that the stability and lack of strong forces on the walls 
allow the walls to develop much more slowly than would be the case without 


1 Can MPP Together with Weinberg-Salam Higgs ... 


3 


the finetuning provided by the multiple point principle (MPP), and this alone 
could make a period of inflation simulated by the presence of walls last longer - 
roll away slower so to speak - than without this MPP It is in this sense that our 
finetuning by multiple point prinicple can provide a delay in the disappearance 
of the inflation-causing features - in our case the walls - that is similiar in effect 
to having flatness in the effective potential for the inflaton near the point where 
inflation goes on. The role of this flatness (the theta function plateau) is of course 
to keep the inflation going over a long time. 

So the possibility that the inflation era could be simulated by an era of walls 
cannot be excluded. Moreover we can even speculate that the assumption of our 
multiple point principle may even be helpful for getting a more natural way of 
achieving the slow roll. If we are successful in achieving slow roll in this way, it 
will of cause only be as a consequence of a finetuning assumption in the form 
of the multiple point principle instead of the finetuning provided by the clever 
adjustment of the effective potential that yields slow roll in the usual simple in¬ 
flation scenario with just a scalar field. However, we have in other works argued 
that our multiple point principle is useful in providing a explanation for other 
- perhaps all or at least many - finetuning enigmas in physics. For example it is 
widely accepted that finetuning is needed in order to account for the extreme 
smallness of the cosmological constant compared to the huge value which would 
a priori be expected if one took the Planck units to be the fundamental ones. 

A possible model for a system of walls strictly separating two different phases 
that nevertheless both permeate all of space is provided by structures formed for 
appropriate parameter values by membranes consisting of amphiphilic molecules. 
These are the socalled bicontinuous phases - sometimes called the plumber's 
nightmare - that for given temperature are observed for sufficiently small values 
of chemical potentials. 

In the scenario of the "plumber's nightmare", the labyrinth of "pipe" walls 
separating the two phases proliferates in such a way that the volume between 
pipe walls remains constant on average while the "nightmare" as a whole ex¬ 
pands. 

1.2 Can it work? 

It is not yet clear that one can replace an inflation period with a simple scalar field 
taking a constant value by a situation with an effective potential that depends on 
field degrees of freedom corresponding to the distance between walls that sepa¬ 
rate two (or more) degenerate vacua having the same (vanishing) energy density. 
Of course if the cosmological constant for the vacua corresponding to the bottoms 
of the potentials were not essentially zero (we take the tiny cosmological constant 
of today as being essentially zero, because we are interested in the early era of in¬ 
flation when the inflation was enormous compared to what could be achieved 
by today's cosmological constant) we could still get inflation, but here our idea 
is to obtain the inflation due to the walls, which means due to the scalar field 
potential in the transition regions - the walls - between the two phases. If we can 
ignore the effects of the field gradients which are of course non-zero in the wall 
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regions too, there would be an inflation effect coming simply from the walls. It 
would just be reduced by the ratio of the wall volume to the full volume one 
could say compared to the inflation that would be obtained by having the infla- 
ton field just sitting on the maximum of the effective potential between the two 
minima corresponding to the two vacua. The gradient in the direction perpendic¬ 
ular to the walls will then give a contribution to the energy momentum tensor 
which depends on the direction and when averaged over directions contribute 
more energy relative to pressure than the cosmological constant or equivalently 
constant scalar field terms. 

Let us for our purposes optimistically imagine that during the main era of 
inflation we have the situation that, compared to the spaces in between the walls, 
the walls themselves get bigger and bigger areas. Then the wall density would 
seem at first quite likely to increase with time and the walls might even curl up 
or even collide and interact with each other. In this scenario the energy density 
might even seem to have the possibility of increasing. Really however the overall 
expansion will diminish the energy density because the negative pressure is not 
high enough to compensate. 

Now we may ask which effects will come to dominate when the density is 
respectively high or low. If the density is low one would say that each piece of 
wall will be isolated in first approximation and the expansion of the wall area 
will go on while the distance to the next wall hardly will change significantly 
percentwise. That suggests that in the low density case we would expect that the 
local expansion of the walls forcing them to curl up will dominate. This in turn 
will cause the density to become higher. 

On the other hand, if the density is high, then the network of walls makes up 
a kind of complicated matter. Adjacent walls are not isolated from one another; 
they now "feel" one another and it must be justifiable to use the approximation 
that the main effect of the Hubble expansion can be assumed to be the effect on 
this matter, therefore the expansion will be isotropic (and not just along the walls) 
provided the "network of walls is on the average isotropic. In this case the effect 
of total expansion dominates. That would cause the density of walls to fall as 
under simple Hubble expansion in which the single wall plays no important role. 

Using these two estimates we then see that the density will tend to be driven 
to some intermediate density as the inflation-like Hubble expansion goes on. If 
the density becomes too low it will tend to grow, and if too high it will fall. If 
such a stabilization indeed takes place the density will reach an intrmediate stable 
level. 

Once the stable density has been reached the Hubble constant will become 
constant and in this sense we will then have obtained a situation that even in 
the mathematical form for the expansion - exponential form - will simulate the 
usual simple inflation for a constant scalar inflaton field. The constant Hubble 
expansion constant referred to above is really the average Hubble expansion - 
denote it by Hav - of the bulk system of walls as well as the space in between. 
Hav is to be distinguished from the Hubble expansion along the walls - let us 
denote this as Hwaii- Recall that we expect that Hav < Hwaii - also at the stable 
wall density value. 
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Then denoting the the ratio of the total volume to the part of it taken up by 
the walls by f, 

_ “full volume" 

"wall-volume" 

we have thaf the Hubble expansion in the wall-regions H^qu is bigger than out¬ 
side by a factor 

Hwall = V^Hav. (1.2) 


1.3 What is the stabile wall density? 


If indeed such a speculafed stabilizafion takes place, we may make a dimension¬ 
ality argument for whaf the stability density will be. 

Let us take the picture that the walls are topologically stabilized and there¬ 
fore unable fo decay everywhere except where they collide with each other. Roughly 
we expect the walls to be about to cross in a fraction 1 /f,^ of fhe fofal space or in a 
fraction 1 /£, of fhe wall-space. We need an estimate as to how fast this wall inter¬ 
action region gets turned into being one or the other of the vacuum phases by the 
decay of its energy into other t 5 rpes of particles. This is what is usually supposed 
to happen during reheating in normal inflation models - namely that pairs of non- 
inflaton particles are produced during the decay of fhe scalar particle involved in 
the inflation. We shall also in our picture imagine that such a reheating-like mech¬ 
anism is going on. For dimensional reasons we expect the typical energy scale for 
the field cf) af the wall to give the scale for fhe decay rate. This wall-scale is say 
the maximal value of fhe effective pofential for cf) in fhe inferval befween the 
two minima. This scale we could call or Vwqu because it is also the typical 
value of the effective potential Vgff in the wall-volume. We must admit though 
that strictly speaking the scale that would be most relevant for fhe reheating de¬ 
cay rafe would be fhe mass scale of fhe 4)-particle which decays or some effective 
mass scale denoting the energy of a sfate for fhis particle as a bound state in the 
surrounding fields. A rough esfimafe for fhis mass scale would be fhe square root 
of the second derivative of fhe effective potential, mass « \/V^. As an estimate 
for fhis we mighf fake an expression involving fhe difference cf^vaci ^ 4 ^vac 2 be¬ 
tween the 4)-values for the say two minima, 4)vaci and ^vaci - In fact we estimate 
~ Vwaii/(4^vaci ^ 4^vac2)^. Therefore the better mass scale to use would be 
\/Vwau/l4^vaci ^ ^vac2\- Let US take the decay rate - i.e. the inverse of the time 
scale for fhe decay of the field fo ifs locally fopologigally stable situation - to be: 


"decay rate 


n 


\/Wva 


ll 


I4^vacl 4^vac2 


(1.3) 


Here n is a dimensionless quantity that is essentailly the number of decay chan¬ 
nels weighfed by fhe appropriafe products of coupling constants. 

To have stability we now have to have that the amount of walls produced 
percentwise from the Hubble expansion of the walls (which is roughly Hwaii) 
should be in balance with the destruction rate which percentwise becomes 


n 


vWva 


ll 


I4^vacl 4^vac2lL 
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I.e. we have 

Tj \/Vwatt 

n-wall ~ ^TT T IT 

IcPvacl — CPvac2l4 


(1.4) 


If we took all the coupling constants to be of order unity and included only 
two-particle decays with all the selection rules ignored, the number n of decay 
channels would of course be the square of the number of particle species into 
which the cf^-particle could decay. Denoting this number by Us (where s stands 
for "species"), we get n = . 

If in the philosophy of taking the scale for the scalar field to be of the Planck 
energy scale we take I4)vaci “ 4^vac2l ~ 1 (in Planck units), then we get in these 
Planck units Hwaii ~ nVVwQii/C or using Hwaii ~ VVwau as is true in Planck 
units, i. e. we get f, « n. 


1.4 How did the present Universe come about? 

Our wall-dominated model for slow roll must of course contain the ultimate 
demise of these walls because a wall-dominated Universe is not what we see 
today. A first glance this might seem to be a problem since MPP says that the 
different vacua are degenerate and therefore there is not a dominant or preferred 
phase that can squeeze all other phases out of existence and thereby eliminate the 
walls that delineate these weaker phases. 

However, while MPP claims degeneracy of multiple vacua primordially and 
during inflation, it does not stipulate that there is a symmetry between the differ¬ 
ent degenerate vacua. Different phases (i.e., degenerate vacua) could for example 
differ in having heavier or lighter particles in which case the addition of heat at 
the end of the inflationary era would reveal the assymmetries of the phases e.g., 
the phase with lightest degrees of freedom would due to the —TS term in the 
free energy grow in spatial extent at the expense of phases with heavier degrees 
of freedom. Concurrent with the disappearence of these phases with heavier de¬ 
grees of freedom the walls delineating them would also disappear. But during 
the inflation period in which the temperature is effectively zero the phase assym¬ 
metries are hidden and the conditions for having delineating walls separating 
effectively symmetric (and degenerate) phases are plausibly good. 


1.5 Conclusion 

We propose that the inflationary era of the Universe was dominated by a network 
of walls separating degenerate vacua. Assuming such a multidegenerate vacuum 
is equivalent to assuming the validity of our multiple point principle (MPP). The 
assumption of MPP amounts to a finetuning to this multiply degenerate vacuum 
and as such is to be regarded as an alternative to the usual fintuning necessary 
for having a constant value of the inflaton potential for a scalar field for of the 
order of 60 e-foldings. 

It is conjectured that this inflation era wall density is stabilized such that for 
too low a density Hubble expansion occurs predominantly along the walls (and 
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essentially not within the phase volume delineated by the walls). This would 
lead to a corrective increase in wall density to the stable value. If the wall density 
were to exceed the stable density value, the walls are no longer isolated from one 
another with the result that the presumeably isotropic wall network materia is 
subject to an isotropic (bulk) Hubble expansion. Such an expansion of this bulk 
materia would tend to reduce the wall density until the stabile wall density is 
attained 

While phases separated by the walls are degenerate (and assumed to all have 
a vanishing energy density) they need not be symmetric. Such assymmetris while 
being effectively hidden during inflation can be manifested during reheating at 
the end of the era of inflation. So two phases could for example differ in having 
lighter and heavier degrees of freedom respectively. This assymmetry would dur¬ 
ing reheating be manifested as a difference in the free energy of the two phases 
so that only one phase would survive. The other phase would be obliterated to¬ 
gether with the wall network system that separated the two phases during the 
inflationary era. Disappearence of the walls is of course required by the phe¬ 
nomenology of our present day Universe. 
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2 Conserved Charges in 3d Gravity With Torsion 


M. Blagojevic^ and B. Cvetkovic' 

' Institute of Physics, P.O.Box 57,11001 Belgrade, Serbia 
^ Department of Physics, Univ. of Ljubljana, 1000 Ljubljana, Slovenia 


Abstract. We review some new developments in three-dimensional gravity based on Rie- 
mann-Cartan geometry. In particular, we discuss the structure of asymptotic symmetry, 
and clarify its fundamental role in understanding the gravitational conservation laws. 


2.1 Introduction 


Although general relativity (GR) successfully describes all the known observa¬ 
tional data, such fundamental issues as the nature of classical singularities and 
the problem of quantization remain without answer. Faced with such difficulties, 
one is naturally led to consider technically simpler models that share the same 
conceptual features with GR. A particularly useful model of this type is three- 
dimensional (3d) gravity 0)1 . Among many interesting results achieved in the last 
twenty years, we would like to mention (a) the asymptotic conformal symmetry 
of 3d gravity, (b) the Chern-Simons formulation, (c) the existence of the black hole 
solution, and (d) understanding of the black hole entropy I2I3I4I5I . 

Following a widely spread belief that GR is the most reliably approach to 
describe the gravitational phenomena, 3d gravity has been studied mainly in the 
realm of Riemannian geometry. However, there is a more general conception of 
gravity, based on Riemann-Gartan geometry O, in which both the curvature and 
the torsion are used to describe the gravitational dynamics. In this review, we 
focus our attention on some new developments in 3d gravity, in the realm of 
Riemann-Gartan geometry 1718191101111 . In particular, we show that the symmetry 
of anti-de Sitter asymptotic conditions is described by two independent Virasoro 
algebras with different central charges, in contrast to GR, and discuss the impor¬ 
tance of the asymptotic structure for the concept of conserved charges—energy 
and angular momentum ITUI . 


2.2 Basic dynamical features 

Theory of gravity with torsion can be formulated as Poincare gauge theory (PGT), 
with an underlying geometric structure described by Riemarm-Cartan space pQ. 

PGT in brief. Basic gravitational variables in PGT are the triad field b^ and 
the Lorentz cormection = —Ah (1-forms). The corresponding field strengths 
are the torsion and the curvature: T’^ = db’^ -|- A’^rn A b’^, = dA’^’ -b A’^m. A A’^’ 
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(2-forms). Gauge symmetries of the theory are local translations and local Lorentz 
rotations, parametrized by and . 

In 3D, we can simplify the notation by introducing 

Ah = ^ RU = _ gU = -£"’'"0k . 

In local coordinates x'^, we have = b'^^dx'^, cu'^ = The field strengths 

take the form 

T’- = db'^ -1- Ab”^ = ^T’-^-i/dx^ A dx'^ , 

= dcu^ 1 £>0)1 A cu'" = ^RVvdx^^ A dx^ , (2.1) 

and gauge transformations are given as 

6obV = -£^kbV0’^ - (9^£.‘^)bV - £.P9pbV = SpcxbV . 

6ocuV = -V^0^ - (9^,tP)tu^p - £.P9pCuV = SpGxcuV , (2-2) 

where Vp0'^ = 9^0^^ -|- e'^jkco’ ^0’^ is the covariant derivative of O'^. 

To clarify the geometric meaning of PGT, we introduce the metric tensor as a 
bilinear combination of the triad fields: 


g =r|ijb’- O b’ = 0 dx'^ , rnj = . 


Although metric and connection are in general independent geometric objects, 
in PGT they are related to each other by the metricity condition: Vg = 0. Gonse- 
quently, the geometric structure of PGT is described by Riemann-Cartan geometry. 
Using the metricity condition, one can derive the useful identity 

cu^ = d3^ -b K\ (2.3) 


where is Riemannian connection, Kijk = —j (Tijk—Tkij -bTjki) is the contortion, 
and is defined by K’-’mb’^ = K’-’ = —£’-’’^Kk. 

Topological action. General gravitational dynamics is defined by Lagrangians 
which are at most quadratic in field strengths. Omitting the quadratic terms, 
Mielke and Baekler proposed a topological model for 3D gravity O, defined by 
the action 

1 = al] "b AI 2 “b 0 C 3 I 3 -b 0 C 4 I 4 -b 1 m ) (2.4a) 

where 


Ii =2 


b" A Ri, 


1 2 = 

13 = 

14 = 



£ijkb^ A b’ A b'^ , 


cu^ A dcui -b -£ijkce^ A cu’ A cu’ 


b^ATi, 


(2.4b) 
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and Im is a matter contribution. The first term, with a = 1 / 167 tG, is the usual 
Einstein-Cartan action, the second term is a cosmological term, I 3 is the Chern- 
Simons action for the Lorentz cormection, and I 4 is a torsion counterpart of I]. 
The Mielke-Baekler model is a natural generalization of Riemannian GR with a 
cosmological constant (GRa)- 

Field equations. Variation of the action with respect to and cu^ yields the 
gravitational field equations. In order to understand the canonical structure of 
the theory in the asymptotic region, it is sufficient to consider the field equa¬ 
tions in vacuum (for isolated gravitational systems, gravitational sources can be 
practically ignored in the asymptotic region). In the sector a 3 a 4 — 0, these 

equations take the simple form 

2r =peVb’Ah'", 2^ = qeV b’A b’", (2.5) 

where 

a 3 A-l-a 4 a [oi4)^ + aA 

V = - T, q= - Y- 

oc3(x.4 — «.3a4 — 

Thus, the vacuum solution is characterized by constant torsion and constant cur¬ 
vature. For p = 0, the vacuum geometry is Riemarmian (T’^ = 0), while for q = 0, 
it becomes teleparallel (R^ = 0 ). 

In Riemann-Cartan spacetime, one can use the identity (2.3) to express the 
curvature in terms of its Riemannian piece R'^ = R’^(d3) and the contortion: 

R^(a)) = R^+VK’^— This result, combined with the field equations 

Hi, leads to 

2^ = Aeff eV b’ A b\ Aeff = q - ^p^ , (2.6) 

where Agff is the effective cosmological constant. Consequently, our spacetime is 
maximally symmetric: for Agff < 0 (Agff > 0 ), the spacetime manifold is anti-de 
Sitter (de Sitter/Minkowski). In what follows, our attention will be focused on 
the model MA\ with a 3 a 4 — 7 ^ 0, and with negative Agff (anti-de Sitter sector): 

Aeff = --^<0. (2.7) 


2.3 The black hole solution 


For Agff < 0, equation <2.61 has a well known solution for the metric — the BTZ 
black hole. Using the static coordinates x*^ = (t, r, cp) with 0 < q) < In, the black 
hole metric is given by 


ds^=N^dU—N ^dr^ — r^(dcp + N,pdt)^ , 

"2 16G2j2\ 4GJ 


= ( -8Gm+-^ + 


( 2 . 1 ) 


with m > 0, fm > |J|. If r+ and r_ are the zeros of N^, then we have: m = (r^ - 1 - 
rl)/ 8 Gf^, J = r+r_/4Gf. The relation between the parameters m, J, and the black 
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hole energy and angular momentum, will be clarified later. Since the triad field 
corresponding to <2.1> is determined only up to a local Lorentz transformation, 
we can choose to have the simple form: 

b°=Ndt, b^=N^’dr, b^ = r (dcp + Njpdt) . (2.2a) 

To find the cormection, we combine the relation = (p/2)b'^, which follows from 
the first field equation in <2.5> . with the identity <2.3> . This yields 

= (b^ + I b\ (2.2b) 

where the Riemarmian cormection u3’^ is defined by dcu'^ + e^jiccu’b'^ = 0: 

u3°=—Ndcp, d3^ = N^’Nipdr, u3^ = —^dt — rNipdcp . (2.2c) 

Equations M.2\ define the BTZ black hole in Riemann-Cartan spacetime I8l^i . As 
a constant curvature spacetime, the black hole is locally isometric to the AdS so¬ 
lution (AdSs), obtained formally from Il2.2t by the replacement J = 0, 8Gm = — 1. 


2.4 Asymptotic conditions 


For isolated gravitational systems, matter is absent from the asymptotic region. In 
spite of that, it can influence global properties of spacetime through the asymp¬ 
totic conditions, the symmetries of which are closely related to the gravitational 
conserved charges ITOl . 

AdS asymptotics. For Agff < 0, maximally symmetric AdS solution has the 
role analogous to the role of Minkowski space in the Agff = 0 case. Following 
the analogy, we could choose that all the fields approach the single AdSa con¬ 
figuration at large distances. The asymptotic symmetry would be the global AdS 
symmetry SO(2,2), the action of which leaves the AdSs configuration invariant. 
However, this choice would exclude the important black hole solution. This mo¬ 
tivates us to introduce the asymptotic AdS configurations, determined by the fol¬ 
lowing requirements: 


(a) the asymptotic conditions include the black hole configuration, 

(b) they are invariant under the action of the AdS group, and 

(c) the asymptotic symmetries have well defined canonical generators. 

The asymptotics of the triad field b’^^ that satisfies (a) and (b) reads: 


bV = 


02 

\ O, 


O4 Oi \ 

^- + Os O2 

^04 r + oj 


(2.1a) 


Here, for any On — c !we assume that c is not a constant, but a function of t 
and (p,c — c(t, cp), which is the simplest way to ensure the global SO(2,2) invari¬ 
ance. This assumption is of crucial importance for highly non-trivial structure of 
the resulting asymptotic symmetry. 




12 


M. Blagojevic and B. Cvetkovic 


The asymptotic form of is defined in accordance with \2.7b\ : 


' 2f ^ 
O2 


Oa 


El 

2 r 


e 


oA 


+ 03 02 


04 


pr 


O 




(2.1b) 


A verification of fhe fhird condition (c) is left for fhe next section. 

Asymptotic parameters. Having chosen the asymptotic conditions, we now 
wish to find the subset of gauge transformations I2.2t that respect these condi¬ 
tions. They are defined by restricting the original gauge parameters in accordance 
with 12 .11 . which yields 


and 















r + 0^, 


( 2 . 2 a) 


p2 

0°=-9o92T + 03, 0^=92T + O2, 

r 

£3 

02 ^—927 + 03. (2.2b) 


The functions T and S are such that 9±(T S) = 0, with = x°/f ± x2, which 
implies 

T + S = g(x+), T-S=h(x-), 

where g and h are two arbitrary, periodic functions. 

The commutator algebra of the Poincare gauge transformations J2.2> is closed: 
[ 6 q, 6 q] = 6 q", where 6 q = 6 o(f,', 0') and so on. Using the related composition law 
with the restricted parameters I2.2i . and keeping only the lowest order terms, one 
finds fhe relation 


T'" = T'92S" -f S'92T" - T"92S' - S"92T', 

S'" = S'92S" -f T'92T" - S"92T' - T"92ST' , (2.3) 

which is expected to be the composition law for (T, S). To verify this assumption, 
we separate the parameters < 2 . 2 > into two pieces: the leading terms containing 
T and S define a (T, S) fransformafion, while the rest defines the residual (pure 
gauge) transformation. The PGT commutator algebra implies that the commuta¬ 
tor of two (T, S) transformations produces not only a (T, S) transformations, but 
also an additional pure gauge transformation. This result motivates us to intro¬ 
duce an improved definition of the asymptotic symmetry: it is the symmetry de¬ 
fined by the parameters <2.2t . modulo pure gauge transformations. As we shall 
see in the next section, this symmetry coincides with the conformal symmetry. 
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2.5 Canonical generators and conserved charges 

In this section, we continue our study of the asymptotic symmetries and conser¬ 
vation laws in the canonical formalism M- 

Hamiltonian and constraints. Introducing the canonical momenta 
corresponding to the Lagrangian variables (b^m cu^^), we find that the primary 
constraints of the theory <2.4> are of the form: 

4)t° = « 0 , = nt° « 0 , 

4)i“ = 7Ti“ - a4£°“‘^bip « 0 , Oi“ = TTi* - £°“‘^(2Qbip ocacutp) « 0. 

Up to an irrelevant divergence, the total Hamiltonian reads 

Ht = bSWi + cuS/Ct + + v^oUi° , (2.1) 

Hi = -£°“P (uRiap -f 0C4Ti„p - ACijkb’ab’^p) 

-Vp4)iP + etmnb’^p (p4)"P + , 

ICi = -£°“P (uTiap asRiap a4£imnb"^ab"^p) - - £imnb^(j4)"^P . 

The constraints (tti®, TTi^, Tfi, /Ct) are first class, (4)i“, ®i“) are second class. 

Canonical generators. Applying the general Castellani's algorithm we 
find the canonical gauge generator of the theory: 

G = —Gi — G 2 , 

G] = (b^TTi® cu^pITi”) £,P [b’-pTfi -f w^pICi + (5pb’-o)7ti° (dpCu'^ojlTi®] , 
Gi = 0^1° + 0^ [iCi - £ijk (b’o7t“ + cu’o n“)] . (2.2) 

Here, the time derivatives b'^p and cb^p are shorts for u^p and v’^p, respectively, 
and the integration symbol J d^x is omitted in order to simplify the notation. 
The transformation law of the fields, defined by bocf* = (cf), G}, is in complete 
agreement with the gauge transformations <2.21 on shell. 

Asymptotics of the phase space. The behaviour of momentum variables at 
large distances is defined by the following general principle: the expressions that 
vanish on-shell should have an arbitrarily fast asymptotic decrease, as no solu¬ 
tion of the field equations is thereby lost. Applied to the primary constraints, this 
principle gives the asymptotic behaviour of Tti^ and TTi^^. The same principle can 
be also applied to the secondary constraints and the true equations of motion. 

The improved generator. The canonical generator acts on d 5 mamical vari¬ 
ables via the Poisson bracket operation, which is defined in terms of functional 
derivatives. In general, G does not have well defined functional derivatives, but 
the problem can be corrected by adding suitable surface terms |2j. The improved 
canonical generator G reads: 

p27T 


G = G + r, 


r = - 


0 


d<p{E,°£^ +eM^), 


(2.3) 
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where 


= [(a + 




(^°(3 




a. 


0 C 3 


A4“ = -2£°“P 


( , 2 , { ap 

(^a + J ^ P + [0C4 + — 


b p + yb p + —p 

n ,.,0 


b°o, 


b% 


-b°p + ^cn^ 


b ^2 ■ 


The adopted asymptotic conditions guarantee differentiability and finiteness of 
G. Moreover, G is also conserved. 

The value of the improved generator G defines the gravitational charge. Since 
G ~ r, the charge is completely determined by the boundary term F. Note that 
r depends on T and S, but not on pure gauge parameters. In other words, (T, S) 
transformations define non-vanishing charges, while the charges corresponding 
to pure gauge transformations vanish. 

Energy and angular momentum. For = 0, G reduces to the time trans¬ 
lation generator, while for E,° — 0 we obtain the spatial rotation generator. The 
corresponding surface terms, calculated for f,° = 1 and = 1, respectively, have 
the meaning of energy and angular momentum: 


E = 


2n 


d(p£' , 


M = 


2n 


d(pA4\ 


(2.4) 


Energy and angular momentum are conserved gravitational charges. 

Using the above results, one can calculate energy and angular momentum of 
the black hole configuration (12.21 


E = m -I- 




M = J + ^ 



(2.5) 


These expressions differ from those in Riemarmian GRa/ where as = 0. More¬ 
over, E and M are the only independent black hole charges. 

Canonical algebra. The Poisson bracket algebra of the improved generators 
contains essential informations on the asymptotic symmetry structure. In the no¬ 
tation G' = G[T',S'], G" = G[T",S"], and so on, the Poisson bracket algebra is 
found fo have fhe form 


{G", G'} =G"'-FC"'. (2.6a) 

where the parameters T'", S'" are determined by the composition rules (12.31 . and 
C"' is the central term of fhe canonical algebra: 


C"'= (2a+a3p)f 

f27T 


■27C 


d(p(02S"0|T'-02S'0|T") 


- 2 a 3 


d(p(02T"0|T'-F02S"0|S') . 


(2.6b) 


Expressed in terms of fhe Fourier modes, the canonical algebra 12.61 takes a more 
familiar form—the form of two independent Virasoro algebras with classical cen- 
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tral charges: 


{Ln,LU = 0. 



(2.7a) 


The central charges have the form: 



(2.7b) 


Asymptotically, the gravitational dynamics is characterized by the conformal sym¬ 
metry with two different central charges, in contrast to Riemannian GRa, where 
c — c — 3i/2G. As a consequence, the entropy of the black hole <2.2> differs from 
the corresponding Riemarmian result 1121 : 



( 2 . 8 ) 


2.6 Concluding remarks 

• 3d gravity with torsion, defined by the action 12 Ai . is based on an underlying 
Riemann-Cartan geometry of spacetime. 

• The theory possesses the black hole solution 12.21 . a generalization of the Rie¬ 
mannian BTZ black hole. Energy and angular momentum of the black hole 
differ from the corresponding Riemannian expressions in GRa- 

• The AdS asymptotic conditions <2.1> imply the conformal symmetry in the 
asymptotic region. The symmetry is described by two independent Virasoro 
algebras with different central charges. The existence of different central char¬ 
ges (as ^0) modifies the black hole entropy. 
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Abstract. In the approach unifying all the internal degrees of freedom - that is the spin 
and all the charges into only the spin - proposed by one of US I1I2I3I4I5I6I7I8I9I10I . spinors, 
living in d (= 1 + 13)—dimensional space, carry only the spin and interact with only the 
gravity through spin connections and vielbeins. After a break of symmetries a spin can 
manifest in d = (1 + 3) "physical" space as the spin and all the known charges. In this 
talk we discuss the mass matrices of quarks and leptons, predicted by the approach. Mass 
matrices follow from the starting Lagrangean, if assuming that there is a kind of breaking 
symmetry from SO(l ,13) to SO(l, 7) x SLl(3) x 11(1), which does end up with massless 
spinors in d (= 1 + 7)-dimensional space, while a further break leads to mass matrices. 


3.1 Introduction: 


The Standard model of the electroweak and strong interactions (extended by the 
inclusion of the massive neutrinos) fits well the existing experimental data. It 
assumes around 25 parameters and requests, the origins of which is not yet un¬ 
derstood. 

The advantage of the approach, proposed by one of us (N.S.M.B.), unify¬ 
ing spins and charges lll2l3l4 15161718191101 is, that it might offer possible answers 
to the open questions of the Standard electroweak model. We demonstrated in 
references l6l8l9ll()l that a left handed 50(1,13) Weyl spinor multiple! includes, if 
the representation is interpreted in terms of the subgroups 50(1,3), 511(2), 5L1(3) 
and the sum of the two Ll(1)'s, all the spinors of the Standard model - that is 
the left handed 5U(2) doublets and the right handed 5L1(2) singlets of (with the 
group 5L1(3) charged) quarks and (chargeless) leptons. Right handed neutrinos - 
weak and hyper chargeless - are also included. In the gauge theory of gravity (in 
our case in d = (1+13(-dimensional space), the Poincare group is gauged, leading 
to spin cormections and vielbeins, which determine the gravitational field ll2l2l8l . 
By introducing two kinds of the Dirac operators 191101211221 y“, there follow two 
kinds of the spin cormection fields and the spin cormection and vielbein fields 
manifest - after the appropriate compactification (or some other kind of making 
fhe rest of d-4 space unobservable at low energies) - in the four dimensional space 
as all the known gauge fields, as well as the Yukawa couplings. 
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In the present talk we demonstrate, how do the Yukawa like terms, leading to 
masses of quarks and leptons, appear in the approach unifying spins and charges. 
No Higgs doublets, needed in the Standard model to "dress" weak chargeless 
spinors, aught to be assumed. We show, how can families of quarks and leptons 
be generated and how consequently the Yukawa couplings among the families of 
spinors appear. 


3.2 Spinor representation and families in terms of two kinds of 
Clifford algebra objects 


We define two kinds of the Clifford algebra obierts l2l1 ,SI161 . and y^, with the 
properties 

{y“,yn+ = = { 7 “,?^+, {y“,y'’}+ = 0. (3.1) 


The operators y“ are introduced formally as operating on any Clifford algebra 
object B from the left hand side, but they also can be expressed in terms of the 
ordinary y“ as operating from the right hand side as follows: y“B := i(—By'’, 
with (—= +1 or — 1, when the object B has a Clifford even or odd character, 
respectively. 

Accordingly two kinds of generators of the Lorentz transformations follow, 
namely 


s^'’ =i/4(yV -y^y“), 

S-'’ =i/4(yV-yV), 

{5ab^5cd}_ ^0. (3.2) 


We define spinor representations as eigen states of the chosen Cartan sub 
algebra of the Lorentz algebra SO(1,13), with the operators 3“'’ and S‘’'’ in the 
two Cartan sub algebra sets, with the same indices in both cases. By introducing 
the notation 


ab 1 ab 1 

* ' ^b'l [\zi _M 


= [±i]:=-(l±y“y‘’), forq“"q’’*’=-l, 


ab 1 ab 1 

* ' • b^ riT. M I 


(±): = 2 (y“ [±]:= 2(1 for = 1, (3.3) 


it can be shown that 


ab 1 ^ ab ab V ab 

S"Mk): = -(k), S“Mk]:=-[k], 


ab 1 ^ ab 

(k): = - (k), 


ab V ab 

[k]:= -- [k] . 


(3.4) 


The above binomials are all "eigenvectors" of the generators 5““, as well as of 
We further find 


ab ab ab ab 

y“ (k) [-k], y'’ (k)= -ik [-k], 


ab ab 

y" [k] =(-k), 


ab ab 

y'’ [k]= —ikq*’*’ (—k) 


(3.5) 
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and similarly 


ab 


ab 


ab 


ab 



-y a 

(k): = -iri“‘" [k], 

y'’ (k):= 

= -k[k], 






d 

d 


~ ab 


ab 




ya 

[k]; = 1 (k), 


y'’ [k]:: 

= -kri^^ 

(k). 



We shall later 

make use of the relations 






ab ab 


d 

X) 

d 

ab 

ab ab 

ab 

ab ( 

lb 


(k)(k) 

= 0, 

(k)(-k)=ri““ 

[k], 

[k][k]: 

=[k], 

[k][- 

-k]= 

^0, 

ab ab 


ab ab ab 


ab ab 

ab 

ab 

ab 


(k)[k] 

= 0, 

[k](k)=(k), 


(k)[-k]: 

=(k), 

[k]( 

-k): 

= 0, 

ab ab 


ab ab 

ab 

ab 1 

ab ab 

ab 

ab 

(k)(k) 

= 0, ( 

-k)(k)=-iTl““ 

[k], 

(-k)[- 

-k]=i (- 

-k), 

(k)[- 

-k] = 


ab 


ab 


ab 


ab 


ab 


ab 


ab 


ab 


ab 


ab 


(k)[k] =i(k), (-k)[+k]=0, (-k)(-k)=0, (k)(-k)=-iTi““ [-k] . 


(3.6) 


(3.7) 


ab ab ab ab 

Here (±i)= (±1 )= i(f “ ± i?^), [±i]= 1(1 ± [±1]= 1(1 ± 

ab ab 

We make a choice of presenting spinors as products of binomials (k) or [k], never 

ab ab 

o/(k) or [k], 

ab 

The reader should also notice that y“'s transform the binomial (k) into the 

ab 

binomial [—k], whose eigen value with respect to change sign, while y^'s 

ab ab 

transform the binomial (k) into [k] with unchanged "eigen value" with respect to 

We define the operators of handedness of the group S0(1,13) and of the 
subgroups S0(1,3),S0(1,7),SO( 6 ) and S0(4) so that (r*‘^*)^ = I and (r*‘^^)t = 
p(d) 


pd,13) ^^27 

r(i, 3 ) ^ 

r(l,7) ^_^24S03 s12s56s78^ 
p{6) _ _2359 IO5II 12513 14 
p{ 4 ) _ 2253^578 

To represent one Weyl spinor in d = 1 + 13, one must make a choice of 
the operators belonging to the Cartan sub algebra of 7 elements of the group 
S0(1,13) for both kinds of the Clifford algebra objects. We make the following 
choice 


03 rl2 cSe c78 (.910 qI 1 12 qISU 




,s' 


c03 cl2 c56 c78 c910 cll 12 cl314 


(3.8) 


with the same indices for both kinds of the generators. 
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3.2.1 Subgroups of SO(l,13) 

The group S O (1,13) of the rank 7 has as possible subgroups the groups S O (1,3), 
SU(2), SU(3) and the two U(1 )'s, with the sum of the ranks of all these subgroups 
equal to 7. These subgroups are candidates for describing the spin, the weak 
charge, the colour charge and the two h5rper charges, respectively (only one is 
needed in the Standard model). The generators of these groups can be written in 
terms of the generators S as follows 

_Ai \ „ai cab 
T = 2_ C ab 3 , 

a,b 

= isABf Aijk,^Ak_ (3 9^ 


We use A = 1,2,3,4, to represent the subgroups describing charges and f Ai-jk ^ 
describe the corresponding structure constants. Coefficients c^^'ah, with a,b G 
{5,6,..., 14}, have to be determined so that the commutation relations of Eq. <3.9t 
hold. 

The weak charge (SU(2) with the generators and one U(1) charge (with 
the generator ) content of the compact group SO(4) (a subgroup of SO(1,13)) 


can be demonstrated when expressing: t'' := — S 


-671 


rl2 


:= 1(5=7 + 


5®*), := 2(5=® — 57*); := -2(5=® + 57®). To see the colour charge and 

one additional U(1) charge content in the group SO(1,13) we write and t' 
respectively, in terms of the generators S 


t -41 


ab. ,^31 


:= 1(59 12-32 


1(59 11 +51° 12 
1(59 13 

1 1-09 10 

-fl‘4 


+3 


36 i(5ii 14-512 13), 

-2513 14); t 41 -1(59 1° q 

To reproduce the Standard model groups one must introduce the two super- 


9 10 


:l 1 I2i 


-9 14 


5 


10 141 


512141 ^38 


t 34 1(5 

37 ^(511 13 + 

-11 12 cl3 14 


510131 ^35 


5' 


position of the two U(1 )'s generators as follows: Y = t' 


41 


+ 1 


Y' = t 41 — T 


+ 1 


3.2.2 One Weyl representation 

Let us choose the starting state of one Weyl representation of the group SO (1,13) 
to be the eigen state of all the members of the Cartan sub algebra (Eq. ll3.8H and is 
left handed (r^i’131 = —1) 

03 12 56 78 9 1011 1213 14 

(+i-)(+) I (+)(+) II (+) (“) (“) = 

(yO -y 3)(^1 y |y2j|(^5 y ^.^6 j^^ 7 y .j^.^8j||(^9 y ^.^lOj^^ll _i^yl2)(..^13 _|.^14j_ 

(3.10) 

The signs "\" and "||" are to point out the SO(1,3) (up to |), SO(1,7) (up to ||) and 
SO (6) (following ||) substructure of the starting state of the left handed multiplet 
of SO(1,13). |i}i) can be any state, which the Clifford objects generating the state 
do not transform into zero. Erom now on we shall therefore skip it. One easily 
finds that the eigen values of the chosen Cartan sub algebra elements 3“= and 
S^i’ (Eq.O)) are (+i/2, 1/2, 1/2, 1/2, 1/2, -1/2, -1/2) and (+i/2, 1/2, 1/2, 1/2, 
1 /2, —1 /2, —1 /2), respectively. This particular state is a right handed spinor with 
respect to SO(1,3) (P*! ’3* = 1), with spin up (Si2 = 1 /2), it is SU(2) singlet (t13 = 
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0 and all give zero, and it is the member of the SU(3) triplet (subsect |3.2.H 
with = 1 /2, = l/(2-\/3)), it has = 1 /2 and =1/6, while Y = 2/3 

and Y' = —1/3. We further find fhat P*'*' = 1 (the handedness of the group SO (4), 
whose subgroups are SU(2) and U(1)), = 1 and P*®* = —1. The starting 

state (Eg. 13. ion can be recognized in terms of the Standard model subgroups as 
the right handed weak chargeless u-quark carrying one of fhe fhree colours (See 
also Table l3.ll . 

To obfain all the states of one Weyl spinor, one only has to apply on the start¬ 
ing state of Eg. <3. lot fhe generafors S“*’. All the quarks and the leptons of one 
family of the Standard model appear in this multiplet (together with the corre¬ 
sponding anti quarks and anti leptons). We present in Table I tTI all the quarks of 
one particular colour: the right handed weak chargeless ur , dR and left handed 
weak charged ul , dr, with the colour = 1/2, = 1 /(2-\/3), in the Standard 

model notation. They all are members of one SO(1,7) multiplet. The colourless 
SO(1,7) multiplet is the neutrino and electron multiplet (See Table 


i 


> 

yTTTr 


p(4) 






Y 

Y' 



Octet, P"’''' = 1, = -1, 

of quarks 











1 

U.R 

03 12 56 78 9 101 1 1213 14 

(+i)(+] 1 (+)(+) II (+)(-) (-) 

1 

1 

2 

1 

0 

1 

2 

1 

2 

1 

1 

6 

2 

3 

1 

3 

2 

Ur 

03 12 56 78 9 101 1 1213 14 

[-ilH 1 (+)(+] II (+) (-) (-) 

1 

1 

2 

1 

0 

1 

2 

1 

2 

1 

2\/3 

1 

6 

2 

3 

1 

3 

3 


03 12 56 78 9 101 1 1213 14 

(+iK+) 1 HH II (+) (-) (-) 

1 

1 

2 

1 

0 

1 

2 

1 

2 

1 

2^/3 

1 

6 

1 

3 

2 

3 

4 

d^R’ 

03 12 56 78 9 101 1 1213 14 

[-i]H 1 HH II (+) (-) (-) 

1 

1 

2 

1 

0 

1 

2 

1 

2 

1 

2^/3 

1 

6 

1 

3 

2 

3 

5 

d[’ 

03 12 56 78 9 1011 1213 14 

HK+) 1 H(+) II (+) (-) (-) 

-1 

1 

2 

-1 

1 

2 

0 

1 

2 

1 

1 

6 

1 

6 

1 

6 

6 

d[l 

03 12 56 78 9 1011 1213 14 

(+i)H 1 [-](+) II (+) (-) (-) 

-1 

1 

2 

-1 

1 

2 

0 

1 

2 

1 

2^/3 

1 

6 

1 

6 

1 

6 

7 


03 12 56 78 9 101 1 1213 14 

H](+) 1 (+)H II (+) (-) (-) 

-1 

1 

2 

-1 

1 

2 

0 

1 

2 

1 

2^/3 

1 

6 

1 

6 

1 

6 

8 

uf' 

03 12 56 78 9 1011 1213 14 

(+i)H 1 (+)[-] II (+) (-) (-) 

-1 

1 

2 

-1 

1 

2 

0 

1 

2 

1 

2^/3 

1 

6 

1 

6 

1 

6 


Table 3.1. The 8-plet of quarks - the members of SO (1,7) subgroup, belonging to one Weyl 
left handed (P*' = —1 = P^’ x P*^*) spinor representation of SO(1,13). It contains 

left handed weak charged quarks and right handed weak chargeless quarks of a particular 
colour ((1 /2, ]/(2y/S))). Here P^’ defines the handedness in (1 -|- 3] space, defines 
the ordinary spin (which can also be red directly from the wave function), t' ^ defines the 
weak charge, t^' defines the U(l] charge, and define the colour charge and t'*' 
another U(1) charge, which together with the first one defines Y and Y'. The reader can 
find the whole Weyl representation in the ref. llUI . 


In Table 13.21 we present the leptons of one family of fhe Sfandard model. 
All belong fo the same multiplet with respect to the group SO(1,7) (and are the 
members of the same Weyl representation as the quarks of Table ItTI . They are 
colour chargeless and differ accordingly from fhe quarks in Table lSTl in fhe second 
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U(1) charge. The quarks and the leptons are equivalent with respect to the group 
SO(l,7). 


i 


> 

p( 1.3) 


pl4) 






Y 

Y' 



Octet, = 1, = -1, 

of leptons 











1 

Vr 

03 12 56 78 9 101 1 1213 14 

(+i)(+) 1 (+](+) II (+) [+] [+] 

1 

1 

7 

1 

0 

1 

7 

0 

0 

1 

7 

0 

-1 

2 

Vr 

03 12 56 78 9 101 1 1213 14 

[-i]H 1 (-F)(-F] II (-F) [-F] [-F] 

1 

1 

2 

1 

0 

1 

2 

0 

0 

1 

2 

0 

-1 

3 


03 12 56 78 9 1011 1213 14 

(+i](+] 1 [-][-] II (+] [+] [+] 

1 

1 

2 

1 

0 

1 

2 

0 

0 

1 

2 

-1 

0 

4 

Cr 

03 12 56 78 9 101 1 1213 14 

[-i]H 1 HH II (+) [+] [+] 

1 

1 

7 

1 

0 

1 

7 

0 

0 

1 

7 

-1 

0 

5 

Cl 

03 12 56 78 9 101 1 1213 14 

[-i]( + ) 1 H( + ] II ( + ] [+] [+] 

-1 

1 

7 

-1 

1 

7 

0 

0 

0 

1 

7 

1 

7 

1 

7 

6 

Cl 

03 12 56 78 9 1011 1213 14 

(+i]H 1 [-](+] II (+] [+] [+] 

-1 

1 

7 

-1 

1 

7 

0 

0 

0 

1 

7 

1 

7 

1 

7 

7 


03 12 56 78 9 1011 1213 14 

[-i](+) 1 (+)[-] II (+) [-F] [-F] 

-1 

1 

7 

-1 

1 

7 

0 

0 

0 

1 

7. 

1 

7 

1 

7 

8 

Vl 

03 12 56 78 9 1011 1213 14 

(+i]H 1 (+][-] II (+) [+] [+] 

-1 

1 

2 

-1 

1 

2 

0 

0 

0 

1 

2 

1 

2 

1 

2 


Table 3.2. The 8-plet of leptons - the members of S O ( 1 ,7] subgroup, belonging to one Weyl 
left handed (r*^= —1 x F*®*) spinor representation of SO(1,13], is presented. 

It contains left handed weak charged leptons and right handed weak chargeless leptons, 
all colour chargeless. The two 8-plets in Table l3.ll and l3.2l are equivalent with respect to the 
group SO(l, 7). They only distinguish in properties with respect to the group SU(3] and 
U(1) and consequently in Y and Y'. 


3.2.3 Appearance of families 


While the generators of the Lorentz group with a pair of (ah), which does 
not belong to the Cartan sub algebra (Eq. l3.8H . transform one vector of one Weyl 
representation into another vector of the same Weyl representation, transform the 
generators (again if the pair (ah) does not belong to the Cartan set) a mem¬ 
ber of one family into the same member of another family, leaving all the other 
quantum numbers (determined by unchanged lll2l4l8l7llOI . This is happen- 

ab ab 

ing since the application of 7“ changes the operator (-F) (or the operator (-l-i))into 


ab 


ab 


the operator [—] (or the operator [—i], respectively), while the operator changes 

ab ab ab ab 

(-F) (or (-Fi)) into [-F] (or into [-Ft], respectively), without changing the "eigen val¬ 
ues" of the Cartan sub algebra set of the operators According to what we 
have discussed above, the operator with (cd) belonging to the Cartan set, 

changes, for example, a right handed weak chargeless ur- quark to a left handed 
weak charged ul- quark, contributing to only diagonal elements of the u-quarks 
mass matrix, while either contribute to the diagonal elements (if (ab)) 

belong to the Cartan set, or to non diagonal elements otherwise. Bellow, as an ex¬ 
ample, the application of (or , S^^) and (or S^®) or of two 
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of these operators on the state of Eq. <3.10> is presented. 


03 12 56 78 910 11121314 

(+!•)(+) I (+](+] II (+i-) (“) (“) 


03 12 56 78 910 11121314 

[+t][+] I ( + )( + ) II (+!)(-)(-) 


03 12 56 78 910 11121314 

[+!-](+] I (+)[+] II (+i-) (“) (“) 


03 12 56 78 910 1 1121314 

(+i)[+] I (+][+] II (+!)(-](-) . 


(3.11) 


One can easily see that all the states of 13.11> describe a right handed u-quark of 
the same colour. They are equivalent with respect to the operators S . They only 
differ in properties, determined by the operators Since quarks and leptons 
of the three measured families are equivalent representations with respect to the 
spin and the charge generators, the proposed way of generating families seems 
very promising. 


3.3 Weyl spinors in d = (1 +13) manifesting families of 
quarks and leptons in d = (1 +3) 


We star! with a left handed Weyl spinor in (1 + 13)-dimensional space. A spinor 
carries only the spin (no charges) and interacts accordingly with only the gauge 
gravitational fields - with their spin cormections and vielbeins. We make use of 
two kinds of the Clifford algebra objects and allow accordingly two kinds of the 
gauge fields lll2l3l4l5l6l7l8l9ll()l . 

One kind is the ordinary gauge field (gauging the Poincare symmetry in 
d = 1 +13). The corresponding spin cormection field appears for spinors as a 
gauge field of 5“'^ = ^ — y'^Y'^), where y*^ are the ordinary Dirac operators. 

The contribution of these fields to the mass matrices manifests in only the diag¬ 
onal terms (connecting right handed weak chargeless quarks or leptons with left 
handed weak charged partners within one family of spinors). 

The second kind of gauge fields is in our approach responsible for the Yukawa 
couplings among families of spinors and might explain the origin of the fami¬ 
lies of quarks and leptons. The corresponding spin cormection field appears for 
spinors as a gauge field of (S‘^^ = 2 (y“y^ ~ Y^Y*^))- 

Accordingly we write the action for a Weyl (massless) spinor in d(= 1 + 13) 

- dimensional space as follows 


S = 


d‘^x C 


C = ^(Erj)Y“poa4’) + h.c. = ^(Erl;Y‘"f“aPo«4’) + h.c. 

POoc —Ptx 2 ^ OJaboc 2 ^ diaba* 


(3.12) 


Latin indices a, b,.., m,n,.., s, t,.. denote a tangent space (a flat index), while 
Greek indices a, (3,.., p, v, ..cr, t.. denote an Einstein index (a curved index). Let¬ 
ters from the begirming of both the alphabets indicate a general index (a, b, c,.. 
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and a, (3 ,y, .. ), from the middle of both the alphabets the observed dimensions 
0,1,2,3 (m, n,.. and 10 .,^,indices from the bottom of the alphabets indicate 
the compactified dimensions (s, t,.. and cr, t, We assume the signature t|‘^^ = 
diag{1, — 1, — 1, • • • , — 1}. Here f“a are vielbeins (inverted to the gauge field of the 
generators of translations e“a, e“af“b = 5“' a — with E = det(e‘^a)/ 

while cuaba and Waha are the two kinds of the spin cormection fields, the gauge 
fields of and respectively, corresponding to the two kinds of the Clifford 
algebra obiects IlSllOll . namely 7 “ and y“, both t 5 rpes fulfilling the same Clifford 
algebra relations, but anti commuting with each other ({y“,y^}+ = 0 ), while the 
two corresponding types of the generators of the Lorentz transformations com¬ 
mute ({S“^, = 0). We introduced these two kinds of y“"s in Subsect f3.2l 

We saw in subsect r3.2.2l that one Weyl spinor in d = (1 -|-13) with the spin as 
the only internal degree of freedom, can manifest in four-dimensional "physical" 
space as fhe ordinary (SO(1 ,3)) spinor wifh all the known charges of one family 
of quarks and lepfons of the Standard model. (The reader can see this analyses 
also in several references, like the one flOl .l 

To see that the Yukawa couplings are the part of the starting Lagrangean of 
Eq. <3.12t . we must rewrite the Lagrangean in Eq. <3.12t in an appropriate way flOl . 

Eirst we recognize that—jS“'’cUabm = iadditional terms, 
with m = 0,1,2,3 and defined in (Eq l3.9> . We expect that under appropriate 
break of the symmetry SO(1,13) to the symmetry of the groups of the Standard 
model, the additional terms would be negligible at "physical" energies. Next we 
recognize from Table l3Tl that only the terms ^ 5=7 g 4 ’^T°Y''Pos4’/ with pos = 
Ps — jS“'’cuQbs — -jS^^cuabs/ can appear as terms, transforming right handed 
weak chargeless ur into weak charged ul of the same spin and colour (as seen 
on Table 121 if we apply y°y^ or y°y^ on ur) in the action. Eor the rest of terms 
we assume that they are at low energies negligible. Under these discussion and 
assumptions the action <3.12> can be rewritten as follows 


S = 


d‘^x (rl)Y’^(Pm 


Y_ + Cy 

A.i 


Y_ cl^fy^T^Pos il^j(3.13) 

s=7,8 


We neglected the additional terms, expecting that they are negligible at "physi¬ 
cal" energies. It is the term Cy in the action <3.1.31 . which can be interpreted as 
Yukawa couplings, determining the mass matrices in the Standard electroweak 
and colour model. Let us point out that the terms —jS^'^cuabs hi pos contribute 
only to diagonal mass matrix elements (they stay within a family), while the 
terms — jS‘^*’u3abs contribute to diagonal as well as off diagonal matrix elements. 
We can further rewrite the mass term Cy if recognizing that (y^ ± iY*) = 

78 

2 (±) . We then find 


78 78 

Uy = il)fY°{(+) Po++(-) Po-lcl', with 
Po± = (P7 T f Ps) - ^S“^a)ab± - 2S“’"*ab±, 

^ab± — ^ah7 ^ ^ ^abS) ^ab± — ^abZ ^ ^ ^abS- 


(3.14) 
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We also can rewrite which do not contribute to Cartan sub algebra, in terms 
of nilpotents 


ab cd 

(k)(l), (3.15) 

with indices (ab) and (cd) which belong to the Cartan sub algebra indices (Eq. l3.8t L 
We may write accordingly 

1 78 78 QC bd 

- X - (±) S“^d.ab± = X (±)(k)(l) A'^'±((Qc),(bd)), (3.16) 

(a,b) (ac),(bd), lc,l 

where the pair (a, b) on the left hand side of equality sign runs over all the in¬ 
dices, which do not characterise the Cartan sub algebra set, with a, b = 0,..., 8, 
while the two pairs ((ac), (bd)) are used to denote only the Cartan sub algebra 
pairs ({(03), (12)); ((03), (56)) ;((03), (78)); ((12), (56)); ((12), (78)); ((56), (78))) ; k 
and 1 run over four possible values so fhat k = ±i, if (ac) = (03) and k = ±1 in 
all other cases, while 1 = ± 1. The fields A^'' ((ac), (b d)) can then be expressed by 
cuab± as follows 

~ , I i i 1 

AJ+((ac), (bd)) = --(cuaci - -d)bc± -■i.djad±-dlbdi), 

2 r r 

A;t^((cic), (bd)) = -^(cuac± + -d)bc± +iujad± - -tbbdi), 

2 r T 

A;^^((ac), (bd)) = -^(cuac± -bircubci -fr^dJadi + -d)bd±), 

2 r 

A;t^((ac), (bd)) = -^(cuac± -■i.rcubc± -bir^cuadi + ^d)bd±), (3.17) 

with r = i, if (ac) = (03), otherwise r = 1. We simplify the indices k and 1 in the 
exponent of fields A^’-((ac), (bd)) fo ±, omitting i. 

We then end up with the Lagrange density, determining in the "physical" 
space the masses of quarks and leptons as follows 

78 ^ 1 

Cy = rl)+y° {(-b) (p+ - ^ -(S“^a)ab+ + S‘"^cr)ab+)) + 

(ab) 

78 ^ 1 

(-) (P- - Y. + S^^CUab-)) + 

(ab) 


78 ^ 

ac bd 

(+) Y 

(k)(l) A'):'-((ab), (cd)) -b 

{(ac)(bd)},k,l 


78 ^ 

ac bd 

H L 

(k)(l) A'!'((ab),(cd))H, 

{(ac)(bd)},k,l 



with pairs (ab), ((ac), (bd)), which run over all the members of the Cartan sub 
algebra, while k = ±i, if (ac) = (03), otherwise k = ±1 and 1 = ±1. 
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_ 78 78 78 78 78 78 ab 78 78 78 

Since according to Eq. <3.71 (k)(k)= 0, (—k)(k)= — [—k], (k)[k]= 0, (k)[—k]=(k), 
we see, looking at Table that only terms with (—) contribute to the mass ma- 

78 

trix of u-quarks (or "v in the lepton case) and only terms with (+) contribute to 
the mass matrix of d-quarks (or elecfrons in the lepton case). 

Let us now repeat all the assumptions we have made up to now. They are 
either the starting assumptions of our approach unifying spins and charges, or 
were needed in order fhat we guaranfee fhat af low energies we agree with the 
Standard model assumptions. 

The assumptions: 

a.i. We use the approach, unifying spins and charges, which assumes, fhat 
in d = 1 + 13 massless spinors carry two types of spins: fhe ordinary (in d = 
1+13) one, which we describe by and the additional 

one, described by = ^(y“y'’ ~ y'^Y'^)- The two types of the Clifford algebra 
objecfs anti commute ({y‘^)Y'’}+ = 0)- Spinors carry no charges in d = 1 + 13. 
The appropriate break of symmetries assure that the superpositions of operafors 
S determine at low energies, the ordinary spin in d = 1 + 3 and all the known 
charges, while generate families of spinors. Accordingly spinors inferacf wifh 
only the gravitational fields, the gauge fields of the Poincare group (pa, S'^'’) and 
the gauge fields of fhe operators poa = f“aPa — ^(S'^'^cucda + S'^'^dicda)- 

a. ii. The break of symmefry 50(1,13) into 50(1,7) x 5U(3) x U(1) occurs in a 

way that only massless spinors in d = 1 + 7 with the charge 5U(3) x U(1) survive. 
Further breaks cause that the charge Q = + 5^^ is conserved. 

3.4 An example of mass matrices for quarks of four families 

Let us make, for simplicity, two further assumptions besides the two (a.i-a.ii.), 
presented at the end of Sect l3.3l 

b. i. The break of symmefries influences the Poincare symmetry and the sym¬ 
metries described by 5“^ in a similar way. We also assume that the terms which 
include pcr, cr = (5),.., (14) do not contribute at low energies. 

_ 56 56 

b.ii. There are no terms, which would in Eq. <3.18l transform (+) into [+]. 
b.iii. The estimation will be done on "a tree level". 

Since we do not know either how does the break of symmefries occur or 
how does the break influence fhe strengfh of the fields cuabc (we have not yet 
studied in details the break of symmetries in the proposed approach), we can not 
really say, whether or not these assumptions are justified. Yet we hope that these 
simplifications allows us to estimate predictions of fhe proposed approach. 

Our approach predicfs an even number of families. The assumption b.ii. 
leads to four (instead of eighf) families of quarks and lepfons, presented in the 

F.q. irm . 

Integrating the Lagrange density Ly over the coordinates and the internal 
(spin) degrees of freedom, we end up wifh the mass matrices for four families of 
quarks and leptons (Eq. l3.18H . presented in Table l3.3l 
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Ir 

Hr 

IIIr 

IVr 

II 

A+ 

A++((03),(12)) 

±A++((03),(78)) 

tA++((12),(78)) 

IIl 

A^-((03),(12)) 

A” 

±A^+((12),(78)) 

tA^+((03),(78]) 

IIIl 

±A^-((03),(78)) 

tA+-((12),(78)) 

A”' 

±A^+((03),(12)) 

IVl 

±A^-((12),(78)) 

tA+-((03),(78]) 

A+-((03),(12)) 

A- 


Table 3.3. The mass matrices for four families of quarks and leptons in the approach unify¬ 
ing spins and charges, obtained under the assumptions a.i.- a.ii. and b.i.- b.iii.. The values 
AL , 1' = 1, II, III, IV, and A'L^((ac], (bd]);l, m = ±, determine matrix elements for the u 
quarks and the neutrinos, the values A+ ,1' = I, II, III, IV, and A’|!^((ac], (bd]];l, m = ±, 
determine the matrix elements for the d quarks and the electrons. Diagonal matrix ele¬ 
ments are different for quarks then for leptons and distinguish also between the u and the 
d quarks and between the v and the e leptons CEos B.lSl . They also differ from family to 
family. Non diagonal matrix elements distinguish among fairdlies and among (u,v) and 
(d,e). 


The explicit form of fhe diagonal matrix elements for the above choice of 
assumptions in ferms of cuabc and cuabc is as follows 


A-u = — 

1 


0)78- 


1 a 


41 


■ 1-0)03- 


0 ) 12 - 


tt)56- 


0)78- 


41 


■ 1-U103- 


1 


1 ^ 41 . 

:4i 


d3l2- + *56- + *78- + 2A_ ), 


A.V = —-(o)56- + 0)78- “ A' 

A|i = —2(~n)56+ — n)78+ + + i-*03+ + * 12 + + *56+ + *78+ + 2 '^+ 

Ag = — 2 (~n) 56 + — n) 78 + — A^^ -|- 1*03+ + *12+ + * 56 + + * 78 + + 2 ^^+ 
AJ^^ = AJj^ -|- (i*o3- -|- *12-), A:^^ = A:^ d- (i*03- + *12-), 

A[/ = A|i d- (i* 03 + + * 12 +), Ag^ = Ag d- (i*03+ + * 12 +), 

Au“ = AJ^ -f (i*03- + *78-), A.^” = A.^ -k (i*03- + *78-), 

Ad“ = AJi -k (i*03+ + *78+), Ag” = Ag d- (i*03+ + *78+), 

A^^ = AJj^ d- (*12- d- *78-), A.^^ = A.^ + (*12- d- *78-), 

AJi'^ = AJi d- (*12+ d- *78+), Ag^ = Ag -k (*12+ d- *78+). 


(3.19) 


The explicif form of nondiagonal matrix elements are written in Eq. <3.17> . 

To evaluate briefly the structure of mass matrices we make one further as¬ 
sumption: 
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b.iv. Let the mass matrices be real and symmetric. 

We then obtain for the u quarks the mass matrice as presented in Table l3^ 


u 

Ir 

Hr 

IIIr 

IVr 

II 


Ai+((03),(12)) = 

A;+((03),(78)) = 

-Ai+((12),(78)) = 



7(0)327 + 0)018) 

7(0)387 + 0)078) 

7(0)277 + 0)1 87) 

IIl 

A--((03),(12)) = 

All = 

A-+((12),(78)) = 

-A-+((03),(78)) = 


7(d’327 + aiflig) 

Au + (0)127 — 0)038) 

7(0)277 — 0)187) 

7(0)387 — d)078) 

IIIl 

A--((03),(78)) = 

-Ai-((12),(78)) = 

Aj," = 

A-+((03),(12)) = 


7(d>387 + a>078) 

7(0)277 — 0)187) 

a), + (d)787 — 0)038) 

— 7(0)327 — 0)018) 

IVl 

A--((12),(78)) = 

-Ai-((03),(78)) = 

Ai-((03),(12)) 



7(d>277 -f a’187) 

7(0)387 — 0)078) 

— 7(0)327 — 0)018) 

Au + (0)127 + 0)787) 


Table 3.4. The mass matrix of four families of the u-quarks, obtained within the Ap¬ 
proach unifying spins and charges and under assumptions a.i.-a.ii., b.i.-b.iv. According 
to Eqs. i3.19ll.3.17> there are 12 free parameters, expressed in terms of fields and cDabc 
for the four families of two types of quarks and their mixing matrix and of two types of 
leptons and their mixing matrix. 


The corresponding mass matrix for d -quarks is presenfed in Table l!OI 

3.5 Discussions and conclusions 

In this talk we presented how from our Approach rmifying spins and charges the 
mass matrices for the quarks and the leptons can follow. The approach assumes 
thaf a Weyl spinor of a chosen handedness carries in d(= 1 -|- 13)— dimensional 
space nothing but two kinds of spin degrees of freedom. One kind belongs fo the 
Poincare group in d = 1 -|- 13, another kind generates families. Spinors inferact 
wifh only fhe gravifational fields, manifesfed by fhe vielbeins and spin connec¬ 
tions, the gauge fields of the momentum p ^ and the two kinds of the generators 
of fhe Lorentz group Sab and respectively. To derive mass matrices (that is 
to calculate the Yukawa couplings, which are postulated by the Standard model) 
in a simple and transparent way, we made several further assumptions, some of 
them needed only to simplify the estimations: 

i. The break of symmefry SO(1,13) info SO(1,7) x SU(3) x U(1) occurs in a 
way fhat only massless spinors in d = 1 -|- 7 with the charge SU(3) x 11(1) survive. 
(Our work on the compactification of a massless spinor in d = 1-1-5 into the 
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d 

Ir 

Hr 

IIIr 

IVr 

II 

A'd 

A++((03),(12)) = 

■j(u)327 — CUolg) 

-Ar((03),(78)) = 

— j(u)387 — Cbozs) 

A++((12),(78)) = 

— 7(02277 + 0218/) 

IIl 

A^-((03),(12)) = 

j(dj327 — cDols) 

a” - 

Ad + (dji27 + tbodg) 

-A^ + ((12),(78)) = 

— j(u)277 — tblg/) 

A^ + ((03),(78)) = 

— 7(02387 + cDozs) 

IIIl 

-A^-((03),(78)) = 
— j{0J387 — cbozs) 

Ar((12),(78)) = 

— j(dj277 — cDlsz) 

aiii _ 

-^d — 

Ad + (dj787 + tboss) 

A^ + ((03),(12)) = 

— 7(02018 + 02327 ) 

IVl 

(78)) = 

— j[W277 + tblg/) 

Ar((03),(78)) = 

— j(u)387 + Wo7s) 

Ar((03),(12)) 

— j(u)018 + 02327 ) 

aIV 

Ad + (02127 + 02787 ) 


Table 3.5. The mass matrix of four families of the d-quarks. Comments are the same as in 
Table l3.4l 


d = 1 + 3 and a finite disk gives us some hope that this assumption might be 
fulfilled ll3l .) Further breaks cause that the charge Q = is conserved. 

ii. The break of symmetries influences the Poincare symmetry and the sym¬ 
metries described by in a similar way. We also assume that the terms which 
include Ps,s=5,5,..,14do not contribute at low energies. 
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iii. There are no terms, which would transform (-I-) into [-1-]. 

iv. We made estimations on a "tree level". 

V. We assume the mass matrices to be real and symmetric. 

Our starting Weyl spinor representation of a chosen handedness manifests, 
if analysed in terms of the subgroups SO (1,3), SU(3), SU(2) and two U( 1)'s (the 
sum of the ranks of the subgroups is the rank of the group) of the group SO (1,13), 
the spin and all the charges of one family of quarks and leptons. 

We use our technique ll5ll6l to present spinor representations in a transpar¬ 
ent way so that one easily sees how the part of the covariant derivative of a spinor 
in d = 1 -|-13 manifests in d = 1 -|- 3 as Yukawa couplings of the Standard model. 
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Abstract. We propose that dark matter consists of collections of atoms encapsulated inside 
pieces of an alternative vacuum, in which the Higgs field vacuum expectation value is 
appreciably smaller than in the usual vacuum. The alternative vacuum is supposed to have 
the same energy density as our own. Apart from this degeneracy of vacuum phases, we 
do not introduce any new physics beyond the Standard Model. The dark matter balls are 
estimated to have a radius of order 20 cm and a mass of order 10" kg. However they are 
very difficult to observe directly, but inside dense stars may expand eating up the star and 
cause huge explosions (gamma ray bursts). The ratio of dark matter to ordinary baryonic 
matter is estimated to be of fhe order of the ratio of the binding energy per nucleon in 
helium to the difference between the binding energies per nucleon in heavy nuclei and 
in helium. Thus we predict approximately five times as much dark matter as ordinary 
baryonic matter! 

4.1 Introduction 

Recent "precision" cosmological measurements agree on a so-called concordant 
model (see the Reviews of Astrophysics and Cosmology in (l|), according to 
which the Universe is flat with 11, the ratio of its energy density to the critical 
density, being very close to unity. The energy budget of the Universe is presently 
dominated by three components: ordinary baryonic matter (Oordinary — 0.04), 
dark matter (Qdark — 0.23) and dark energy (Oa — 0.73). The main evidence for 
the density of ordinary matter comes from the abrmdances of the light elements 
formed in the first three minutes by big bang nucleosynthesis (BBN). The evi¬ 
dence for the dark matter density comes from galactic rotation curves, motions 
of galaxies within clusters, gravitational lensing and analyses (e.g. WMAP |21) of 
the cosmic microwave background radiation. The need for a form of dark energy, 
such as a tiny cosmological constant A, is provided by the evidence for an accel¬ 
erating Universe from observations of type la supernovae, large scale structure 
and the WMAP data. 

In this paper we shall concentrate on the dark matter component. It must be 
very stable, with a lifetime greater than 10^ ° years. The dark matter density is of 
a similar order of magnitude as that of ordinary matter, with a ratio of 



(4.1) 


Also the dark matter was non-relativistic at the time of the onset of galaxy forma¬ 
tion (i.e. cold dark matter). 
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According to folklore, no known elementary particle can account for all of 
the dark matter. Many hypothetical particles have been suggested as candidates 
for dark matter, of which the most popular is the lightest supersymmetric particle 
(LSP): the neutralino. The stability of the the LSP is imposed by the assumption 
of R-parity conservation. The LSP density is predicted to be close to the critical 
density for a heavy neutralino fJJ with mass mrsp ~ 100 — 1000 GeV, but a priori 
it is unrelated to the density of normal matter. 

However we should like to emphasize that the dark matter could in fact be 
baryonic, if it were effectively separated from normal matter at the epoch of BBN. 
This separation must therefore already have been operative 1 second after the big 
bang, when the temperature was of order 1 MeV. Our basic idea is that dark mat¬ 
ter consists of "small balls" of an alternative Standard Model vacuum degenerate 
with the usual one, containing close-packed nuclei and electrons and surrounded 
by domain walls separating the two vacua |4!j. The baryons are supposed to be 
kept inside the balls due to the vacuum expectation value (VEV) of the Weinberg- 
Salam Higgs field < 4)ws > being smaller, say by a factor of 2, in the alternative 
phase. The quark and lepton masses 

mf = gf < 4)ws > (4.2) 

are then reduced (by a factor of 2). We use an additive quark mass dependence 
approximation for the nucleon mass |5l|: 

3 

tun = mo -h z mq,, (4.3) 

i=l 

where the dominant contribution mo to the nucleon mass arises from the confine¬ 
ment of the quarks. Then, assuming quark masses in our phase of order mi^ ~ 5 
MeV and ma ~ 8 MeV, we obtain a reduction in the nucleon mass in the al¬ 
ternative phase by an amount AmN ~ 10 MeV. The pion may be considered as 
a pseudo-Goldstone boson with a mass squared proportional to the sum of the 
masses of its constituent quarks: 

M^ocmu-fma. (4.4) 

It follows that the pion mass is also reduced (by a factor of V2) in the alterna¬ 
tive phase. The range of the pion exchange force is thereby increased and so the 
nuclear binding energies are larger in the alternative phase, by an amount compa¬ 
rable to the binding they already have in normal matter. We conclude it would be 
energetically favourable for the dark matter baryons to remain inside balls of the 
alternative vacuum for temperatures lower than about 10 MeV. These dark matter 
nucleons would be encapsulated by the domain walls, remaining relatively inert 
and not disturbing the successful BBN calculations in our vacuum. We should 
note that a model for dark matter using an alternative phase in QCD has been 
proposed by Oaknin and Zhitnitsky 
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4.2 Degenerate vacua in the Standard Model 


The existence of another vacuum could be due to some genuinely new physics, 
but here we want to consider a scenario, which does not introduce any new 
fundamental particles or interactions beyond the Standard Model. Our main as¬ 
sumption is that the dark energy or cosmological constant A is not only fine- 
tuned to be tiny for one vacuum but for several, which we have called I7l8l9ll()tm 
the Multiple Point Principle (MPP). This entails a fine-tuning of the parameters 
(coupling constants) of the Standard Model analogous to the fine-tuning of the 
intensive variables temperature and pressure at the triple point of wafer, due to 
the co-existence of the three degenerate phases: ice water and vapour. 

Different vacuum phases can be obtained by having different amounts of 
some Bose-Einstein condensate. We are therefore led to consider a condensate of 
a bound state of some SM particles. Indeed, in this cormection, we have previ¬ 
ously proposed II 211,311411 .SI the existence of a new exotic strongly bound state 
made out of 6 top quarks and 6 anti-top quarks. The reason that such a bound 
state had not been considered previously is that its binding is based on the col¬ 
lective effect of attraction between several quarks due to Higgs exchange. In fact 
our calculations show that the binding could be so strong that the bound state 
is on the verge of becoming tachyonic and could form a condensate in an alter¬ 
native vacuum degenerate with our own. With the added assumption of a third 
Standard Model phase, having a Higgs vacuum expectation value of the order 
of the Planck scale, we obtained a value of 173 GeV for the top quark mass flTl 
and even a solution of fhe hierarchy problem, in the sense of obfaining a post¬ 
diction of the order of magnitude of the ratio of the weak to the Planck scale 
11211311411.31 . However this third Planck scale vacuum is irrelevant for our dark 
matter scenario. 

With the existence of just the 2 degenerate vacua domain walls would have 
easily formed, separating the different phases of the vacuum occurring in differ¬ 
ent regions of space, af high enough temperature in the early Universe. Since we 
assume the weak scale physics of the top quark and Higgs fields is responsible for 
producing these bound state condensate walls, their energy scale will be of order 
the top quark mass. We note that, unlike walls resulting from the spontaneous 
breaking of a discrete symmetry, there is an asymmetry between the two sides of 
the the wall. So, in principle, a wall can readily contract to one side or the other 
and disappear. 


4.3 Formation of dark matter balls in the early Universe 

We now describe our favoured scenario for how the dark matter balls formed. Let 
us denote the order parameter field describing the new bound state which con¬ 
denses in the alternative phase by 4 )nbs- In the early Universe it would fluctuate 
statistically mechanically and, as the temperature T fell below the weak scale, 
would have become more and more concentrated around the - assumed equally 
deep - minima of the effective potential Veff(4)NBs)- There was then an effec¬ 
tive symmetry between the vacua, since the vacua had approximately the same 
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free energy densities. So the two phases would have formed with comparable 
volumes separated by domain walls. Eventually the small asymmetry between 
their free energy densities would have led to the dominance of one specific phase 
inside each horizon region and, finally, the walls would have contracted away. 
However it is a very detailed dynamical question as to how far below the weak 
scale the walls would survive. It seems quite possible that they persisted imtil the 
temperature of the Universe fell to around 1 MeV. 

We imagine that the disappearance of the walls in our phase - except for very 
small balls of the fossil phase - occurred when the temperature T was of the order 
of 1 MeV to 10 MeV. During this epoch the collection of nucleons in the alternative 
phase was favoured by the Boltzmarm factor exp(—AmN/T). Thus the nucleons 
collected more and more strongly into the alternative phase, leaving relatively 
few nucleons outside in our phase. We suppose that a rapid contraction of the 
alternative phase set in around a temperature T ~ 1 MeV. 

Due to the higher density and stronger nuclear binding, nucleosynthesis oc¬ 
curred first in the alternative phase. Ignoring Coulomb repulsion, the tempera¬ 
ture Tjsiuc at which a given species of nucleus with nucleon number A is thermo¬ 
dynamically favoured is given I16ll by: 


Tnuc 


Ba/(A-1] 

ln(r|-i) -F 1.5ln(mN/T nuc)' 


(4.5) 


Here Ba is the binding energy of the nucleus - in the phase in question of course 
- r)= ^ is the ratio of the baryon number density relative to the photon density, 

and mN is the nucleon mass. In our phase, for example, the temperature for '^He 
to be thermod 5 mamically favoured turns out from this formula to be 0.28 MeV. 
In the other phase, where the Higgs field has a lower VEV by a factor of order 
unity, the binding energy Ba is bigger and, with say q 10^^, '^He could have 
been produced at T ~ 1 MeV. 

We assume that the alternative phase continued to collect up any nucleons 
from our phase and that, shortly after ^He production, there were essentially no 
nucleons left in our phase. The rapid contraction of the balls continued until there 
were more nucleons than photons, q > 1, in the alternative phase and fusion to 
heavier nuclei, such as and ^®Ee, took place, still with T ~ 1 MeV. A chain 
reaction could then have been triggered, resulting in the explosive heating of the 
whole ball as the "'^He burnt into heavier nuclei. The excess energy would have 
been carried away by nucleons freed from the ball. 

At this stage of internal fusion, the balls of the alternative phase would have 
been so small that any nucleons in our phase would no longer be collected into the 
balls. So the nucleons released by the internal fusion would stay forever outside 
the balls and make up normal matter. This normal matter then underwent the 
usual BBN in our phase. 
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4.4 Prediction of the ratio of dark matter to normal matter 

According to the above internal fusion scenario, the ratio of the normal matter 
density to the total matter density is given by: 

f^ordinary Number of nucleons released 
f^matter Total number of nucleons 

The fraction of nucleons released from the balls of alternative phase during the 
internal fusion can be obtained from a simple energy conservation argument. 

Before the further internal fusion process took place, the main content of the 
balls was in the form of '^He nuclei. Now the nucleons in a "’^He nucleus have a 
binding energy of 7.1 MeV in normal matter in our phase, while a typical "heavy" 
nucleus has a binding energy of 8.5 MeV for each nucleon ITtI . Let us, for simplic¬ 
ity, assume that the ratio of these two binding energies per nucleon is the same in 
the alternative phase and use the normal binding energies in our estimate below. 
Thus we take the energy released by the fusion of the helium into heavier nu¬ 
clei to be 8.5 MeV - 7.1 MeV = 1.4 MeV per nucleon. Now we can calculate what 
fraction of the nucleons, counted as a priori initially sitting in the heavy nuclei, 
can be released by this 1.4 MeV per nucleon. Since they were bound inside the 
nuclei by 8.5 MeV relative to the energy they would have outside, the fraction 
released should be (1.4 MeV)/(8.5 MeV) = 0.1 65 = 1/6. So we predict that the 
normal baryonic matter should make up 1 /6 of the total amount of matter, dark 
as well as normal baryonic. According to astrophysical fits (2I, giving 23% dark 
matter and 4% normal baryonic matter relative to the critical density, the amount 
of normal baryonic matter relative to the total matter is 23 %+ 4 % “ 4/27 = 0.15. 
This is in remarkable agreement with our prediction. 


4.5 Properties of dark matter balls 


The size of the balls depends sensitively on the order of magnitude assumed for 
the wall energy density, which we take to be of the weak scale or about 100 GeV. 
Let us first consider the stability condition for these balls. For a ball of radius R, 
the wall tension s is given by 

s « (lOOGeV)^ (4.7) 


which provides a pressure that must be balanced by the electron pressure. The 
energy needed to release a nucleon from the alternative vacuum into our vac¬ 
uum is approximately 10 MeV. So the maximum value for the electron Fermi 
level inside the balls is ~ 10 MeV, since otherwise it would pay for electrons and 
associated protons to leave the alternative vacuum. Thus the maximum electron 
pressure is of order (10 MeV)'*. 

In order that the pressure from the wall should not quench this maximal 
electron pressure, we need to satisfy the stability condition: 


s/R 


(100 GeV) 3 


< (10 MeV)'* = 10^3 GeV'*. 


R 


(4.8) 
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This means the ball radius must be larger than a critical radius given by: 

R > ^ 2 cm. (4.9) 

If the balls have a radius smaller than Rcrtt/ they will implode. These critical size 
balls have a nucleon number density of 

Ue = (10 MeV)3 = ^ 10^5 cm-^. (4.10) 

So, with Rcrit = 2 cm, it contains of order Ne ~ 10^® electrons and correspond¬ 
ingly of order Nb — 10 ^® baryons, with a mass of order Mb — 10 ^ kg. 

We estimate the typical radius of a dark matter ball in our scenario to be 
of order 20 cm. It contains of order Nb = 3 x 10^^ baryons and has a mass of 
order Mb = 10^' kg = Therefore dark matter balls can 

not be revealed by microlensing searches, which are only sensitive to massive 
astrophysical compact objects with masses greater than 10 ^^Mq 1181 . Since the 
dark matter density is 23% of the critical density pcrit = 10^^® kg/m^, a volume 
of about 10^^ m^ = (20 astronomical units)^ will contain on the average just one 
dark matter ball. 

Assuming the sun moves with a velocity of 100 km/s relative to the dark 
matter and an enhanced density of dark matter in the galaxy of order 10^ higher 
than the average, the sun would hit of order 10® dark matter balls of total mass 
1 o' ^ kg in the lifetime of the Universe. A dark matter ball passing through the sim 
would plough through a mass of sun material similar to its own mass. It could 
therefore easily become boimd into an orbit say or possibly captured inside the 
sun, but be imdetectable from the earth. On the other hand, heavy stars may 
capture some dark matter balls impinging on them. 

In the lifetime of the Universe, the earth would hit 10"' or so dark matter 
balls. However they would have gone through the earth without getting stopped 
appreciably. It follows that DAMA 1191 would not have any chance of seeing our 
dark matter balls, despite their claim to have detected a signal for dark matter in 
the galactic halo. However EDELWEISS |2Dl, CRESST GT| and CDMS (23 do not 
confirm the effect seen by DAMA. It is also possible that DAMA saw something 
other than dark matter. Geophysical evidence for the dark matter balls having 
passed through the earth would also be extremely difficult to find. 

We conclude that the dark matter balls are very hard to see directly. On the 
other hand, we could imagine that dark matter balls had collected into the interior 
of a collapsing star. Then, when the density in the interior of the star gets suffi¬ 
ciently big, the balls could be so much disturbed that they would explode. The 
walls may then start expanding into the dense material in the star, converting 
part of the star to dark matter. As the wall expands the pressure from the surface 
tension diminishes and lower and lower stellar density will be sufficient for the 
wall to be driven further out through the star material. This could lead to releas¬ 
ing energy of the order of 10 MeV per nucleon in the star, which corresponds to of 
the order of one percent of the Einstein energy of the star! Such events would give 
rise to really huge energy releases, perhaps causing supernovae to explode and 
producing the canonballs suggested by Dar and De Rujula to be responsible 
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for the cosmic gamma ray bursts. We should note that a different (SUSY) phase 
transition inside the star has already been suggested |21l an explanation for 
gamma ray bursts. 

A dark matter ball can also explode due to the implosion of its wall. Such an 
implosive instability might provide a mechanism for producing ultra high energy 
cosmic rays from seemingly empty places in the Universe. This could help to 
resolve the Greisen-Zatsepin-Kuzmin I25l26ll cut-off problem. 

4.6 Conclusion 

Under the assumption that there be at least two different phases of the vacuum 
with very closely the same tiny energy density or cosmological constant, we have 
put forward an idea for what dark matter could be. Indeed we suggest that dark 
matter consists of baryons hidden inside pieces of an alternative vacuum with 
a smaller Higgs field VEV. The SM might provide such a second vacuum de¬ 
generate with our own, due to the condensation of an exotic 6 t -|- 6 t strongly 
bound state. The ratio of dark matter to ordinary matter is expressed as a ratio 
of nuclear binding energies and predicted to be about 5. Big bang nucleos 5 mthe- 
sis is supposed to proceed as usual in our vacuum relatively undisturbed by the 
crypto-baryonic dark matter encapsulated in a few balls of the alternative vac¬ 
uum. 

We estimate that a typical dark matter ball has a radius of about 20 cm and 
a mass of order 10^ ^ kg. The dark matter balls are very difficult to detect directly, 
but they might be responsible for gamma ray bursts or ultra high energy cosmic 
rays. 
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Abstract. We consider the long standing problem in field theories of bosons that the boson 
vacuum does not consist of a 'sea', unlike the fermion vacuum. We show with the help of 
supersymmetry considerations that the boson vacuum indeed does also consist of a sea in 
which the negative energy states are all "filled", analogous to the Dirac sea of the fermion 
vacuum, and that a hole produced by the annihilation of one negative energy boson is 
an anti-particle. This might be formally coped with by introducing the notion of a double 
harmonic oscillator, which is obtained by extending the condition imposed on the wave 
function. Next, we present an attempt to formulate the supersymmetric and relativistic 
quantum mechanics utilizing the equations of motion. 

5.1 Introduction 

In the Quantum Field Theory there is a long-standing Jtistorical mystery why 
there is no negative energy sea for bosons, contrary to fermions when we pass 
from 1st quantized theory into 2nd quantized one. Needless to say nowadays 
one uses a well functioning method that in the negative energy states creation 
operator and destruction operators should be formally exchanged. This rewriting 
can be used both bosons and fermions. In this formal procedure, as for fermions, 
the true vacuum is the one that the negative energy states are completely filled 
for one particle in each state due to Pauli principle. By filling all empty negative 
states to form Dirac sea [T| we define creation operators d+ (p, s, w) with positive 
energy w for holes which is equivalent to destruction operators d(—p, —s, —w). 
In particular for boson case the associated filling of the negative energy state to 
form a sea as the true vacuum has never been heard.^ 

^ Adress after 1 April 2005, Department of Physics, Kyoto University, Kyoto 606-8502, 
Japan. 

* Also working at Okayama Institute for Quantum Physics. 
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In this report one of the main new contents present a new method of 2nd 
quantization of boson field theories in the analogous marmer to filling of empty 
Dirac sea for fermions. 

At the very end when the true vacuum in the 2nd quantized boson theory is 
formed according to our method I3f4l we will come exactly the same theory as the 
usual one. Thus our approach carmot be incorrect as far of quantum field theories 
are concerned. However application to the string theories may be very interesting 
open question. Although we have to introduce such an unfamiliar notion to form 
negative energy sea (Dirac) sea for boson that we have to subtract "minus one 
boson" or create "a boson hole" in boson sea. 

Validity and importance of our new method to 2nd quantize boson theo¬ 
ries may become more clear by considering supersymmetric field theories. Due 
to supersymmetry one should expect the boson vacuum structure similar to the 
fermion one. We in fact utilize the N=2 matter multiplet called a hypermultiplet|0 
and construct the Noether current from the supersymmetric action. By requiring 
that the entire system be supersymmetric, we derive the properties of the boson 
vacuum, while the fermion vacuum is taken to be the Dirac sea. 

In the supersymmetric theories there seems to exist no truly quantum me¬ 
chanical relativistic, i.e. 1 particle model so that one starts from the field theories. 
We propose in the present article a method to construct sypersymmetric quantum 
mechanics, although we have not yet completed the procedure^. 

The present article is organized as follows: In the next section 2 we utilize 
the N=2 supersymmetry to further clarify the vacuum structures of boson as well 
as fermions; both vacuua should be expected to be very similar by the super- 
symmetry. We utilize N=2 matter multiplet called hypermultiplet and explicitly 
show that the boson true vacuum can be formulated so as to form the negative 
energy sea, i.e. Dirac sea. In section 3 we start with describing the harmonic os¬ 
cillator with the requirement of analyticity of the wave function instead of the 
usual square integrability condition. This naturally leads to the boson negative 
energy (Dirac sea) states as well as the usual positive ones. We then argue how to 
treat the Dirac sea for bosons. In the next section 4 we turn our attention to the 1 
particle supersymmetric theory which may be considered 1st excited states in the 
boson vacuum, i.e. filled Dirac seas for bosons as well as fermions in our formal¬ 
ism. This theory is viewed as supersymmetric relativistic quantum mechanics. 
We propose a prescription how to realize the supersymmetry in a single particle 
level. The final section 5 is devoted to the conclusions. 

5.2 Boson and Dirac Seas in a Hypermultiplet Model with 
N = 2 Supersymmetry 

In the present section, we consider an ideal world in which supersymmetry holds 
exactly. Then, it is natural to believe that, in analogy to the true fermion vacuum. 


^ In ref. O we proposed the complete formulation of the supersymmetric quantum me¬ 
chanics by utilizing the 8-component matrix notation. 
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the true boson vacuum is a state in which all negative energy states are occu¬ 
pied. To investigate the details of the vacuum structure of bosons, we utilize the 
N = 2 matter multiplet called a hypermultiplet I7l8i . In fact, we construct the 
Noether current from the supersymmetric action, and by requiring that the entire 
system be supersymmetric, we derive the properties of the boson vacuum, while 
the fermion vacuum is taken to be the Dirac sea. 

Hereafter, the Greek indices - ■ ■ are understood to run from 0 to 3, cor¬ 
responding to the Minkowski space, and the metric is given by 


= diag(-f 1,-1,-1,-1). 


5.2.1 N = 2 matter multiplet: Hypermultiplet 

Let us summarize the necessary part of N = 2 supersymmetric field theory in the 
free case, in order to reveal the difficulty of making supersymmetric description. 
The hypermultiplet is the simplest multiplet that is supersymmetric and involves 
a Dirac fermion. It is written 


4> = (Ai, A 2 ; rl^; Fi ,F2) 


( 2 . 1 ) 


where At and Fi (i = 1,2) denote complex scalar fields, and the Dirac field is given 
by t|>. The multiplet (2.1) transforms under a supersymmetric transformation as 


6£,Ai =2f,irl;, 

= -iF.iFi - iT^"9^f,iAi, 


( 2 . 2 ) 


where denotes the four-dimensional gamma matrices, with {y^,y'^} — 2r\^^. 
Then, we obtain the Lagrangian density of the hypermultiplet. 



To derive the Noether currents whose charges generate the supersymmetry 
transformation, we consider a variation under the supersymmetry transforma¬ 
tion (2.2), 




(2.5) 


where KF is given by 



-(y^y'^^\>d^Al -bimy^^r^At). 


( 2 . 6 ) 
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Thus, the Noether current is written as 

=y^Y^'4)0^A| — imy^rltAj. (2.7) 

We could attempt to think of treating the bosons analogous to the fermions 
by imagining thaf the creation operators u^ (k) of fhe anti-bosons were really an¬ 
nihilation operators in some other formulation, but, as we shall see, such an at¬ 
tempt leads to some difficulties. If we could indeed do so, we would write also a 
boson field in terms of only armihilafion operafors formally as follows 


A|(x) 


rl)(x) 


d^k 

\/{27t)32ko 

d^k 

\/(27r)32ko 


:{ai+(k)e 

y~ {b(k, s)u(k, s)e^ 


d(k,s)v(k,s)e"'"’‘}. 


( 2 . 8 ) 

(2.9) 


Here, ko = Vk^ -f ra^ is fhe energy of the particle, and s = denotes the he- 
licity. Particles with positive and negative energy are described by ai+ (k), b(k, s) 
and ai_(k), d(k, s), respectively. The commutation relations between these field 
modes are derived as 


at+(k),a|+(k')J =+6tj63(k-k'), [at_(k), a|_(k')J =-6tj63(k - k'), 

( 2 . 10 ) 

{b(k,s),bt(k',s')} =+63s'63(k-k'), {d(k,s),dnk',s')} =+6ss'6^(lc-k'), 

( 2 . 11 ) 


with all other pairs commuting or anti-commuting. Note that the right-hand side 
of the commutation relation (2.10) for negative energy bosons, has the opposite 
sign of that for posifive energy bosons. In the ordinary method, recalling that the 
Dirac sea is the true fermion vacuum, we can use d^ as the creation operator and 
d as the annihilation operator for negative energy fermions. Then, the operators 
dl and d are re-interpreted as the annihilation operator and creation operator 
for positive energy holes. In this manner, we obtain the particle picture in the 
real world. In this procedure, negative energy fermions are regarded as actually 
existing entities. 

For bosons, in contrast to the fermions, we rewrite the second equation of 
(2.10) as 


di- = a|_, at_ EE cLi 


ai_(k),at_(k') =+6tj63(k-k'). 


(2.12) 
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This implies that we can treat negative energy bosons in the same manner as 
positive energy bosons. Consequently, the true vacua for positive and negative 
energy bosons, which are denoted ||0+) and ||0_), respectively^, are given by 


ai+||0+) = 0, 

at_||0_)=0. (2.13) 

Thus, in the true vacuum, meaning the one on which our experimental world is 
built, both the negative and positive energy vacua are empty when using the par¬ 
ticle ai+ and anti-particle di,_ annihilation operators respectively. However, in or¬ 
der to have a supersymmetry relation to the analogous negative energy states for 
fhe fermions, we would have liked fo consider, instead of 110_), a vacuum so fhat if 
were empfy wifh respect to the negative energy bosons described by ui- and a|_. 
That is to say we would have liked a empty vacuum obeying ai_||0wanted) = 0- 
Because of (2.13) it is, however, immediately seen that this ||0wanted) cannot exist. 
In true nature, we should rather be in a situation or a "sector" in which we have 
a state with a|_||0_) = di_||0_) = 0. It could be called a "sector with a top" ||0_). 

Perhaps the nicest way of describing this extension is by means of the double 
harmonic oscillator to be presented in Section 3 below, but let us stress that all we 
need is a formal extrapolation to also include the possibility of negative numbers 
of bosons. 

5.2.2 Supersymmetry invariant vacuum 

As described in Subsection 2.1, when considered in terms of supersymmefry 
there is a difference befween fhe boson and fermion pictures. In the present sub¬ 
section, we give preliminary considerations to the problem determining the na¬ 
ture of a boson sea fhat would correspond to the Dirac sea for the fermion case. 
To fhis end, we impose the natural condition within the supersymmetric theory 
that the vacuum be supersymmetry invariant. 

We first rewrite the supersymmetry charges Qi derived from fhe supersym¬ 
metry currents described by Eq.(2.7) m terms of fhe creafion and armihilafion 
operafors as 




d^xj?(x) =i 
dM?(x) = -1 


d^k Y_ {b(k, s)u(k, s)a|^(k) - d(k, s)v(k, s)a|_(k)|, 


S=± 


d^k ^ {b^(k, s)u(k, s)ai+(k) — d^(k, s)v(k, s)ai_(k)} . 

(2.14) 


S=± 


By applying these charges, the condition for the vacuum to be supersymmetric 
can be written 

^ In the following, we denote the vacua by, for example in the boson case, |0±) in the 
system of single particle, and ||0±) in the system with many particles. 
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QillO) = QillO) =0. (2.15) 

We then decompose the total vacuum into the boson and fermion vacua, 110 ±) and 
110±), writing 


||0) = ||0+)(g)||0_)(g)||0+)(g)||0_), 

where 0 denotes the direct product, and ||0-) is the Dirac sea, given by 


(2.16) 


iio-)=j 

^ p,s 

Here, ||0+) represents an empty vacuum, annihilated by the ordinary b operator, 
while ||0_), given by Eq.(23), represents the Dirac sea, which is obtained through 
application of all . The condition for the bosonic vacuum reads 

ai+(k)||0+) =0, at(k)j|0_)=0. (2.17) 

It is evident that the vacuum of the positive energy boson ||0+) is the empty one, 
vanishing under the armihilation operator ai+. On the other hand, the vacuum of 
the negative energy boson j|0_) is defined such that it vanishes under the oper¬ 
ator q| that creates the negative energy quantum. This may seem very strange. 
One could call the strange "algebra" looked for a "sector with top", contrary to 
the more usual creation and annihilation systems which could rather be called 
"sectors with a bottom". 

In the next section, using the fact that the algebras (2.10) constitute that is 
essentially a harmonic oscillator system with infinitely many degrees of freedom, 
we investigate in detail the vacuum structure by considering the simplest one¬ 
dimensional harmonic oscillator system. In fact, we will find the explicit form of 
the vacuum ||0_) that is given by a coherent state of the excited states of all the 
negative energy bosons. 

5.3 Negative Energy (Dirac-like) Sea for Bosons 

When looking for solutions to the Klein-Gordon equation for energy (and mo¬ 
mentum) it is well-known that, we must consider not only the positive energy 
particles but also the negative energy ones. In the previous section, we found 
that in order to implement the analogy to the Dirac sea for fermions suggested 
by supersymmetry, we would have liked to have at our disposal the possibility 
to organize an analogon of the Dirac sea (for fermions). In the present section 
we introduce the concept of a "sector with top" as an extension of the harmonic 
oscillator spectrum to a negative energy sector. Thereby we have to extend the 
ordinary meaning of the wave function (in this case for the harmonic oscillator). 
Performing this we find that the vacuum of the negative energy sector leads to a 
"boson sea", corresponding to the Dirac sea of fermions. 
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5.3.1 Analytic wave function and double harmonic oscillator 

As is well known, the eigenfunction 4)(x) of a one-dimensional Schrodinger equa¬ 
tion in the usual treatment should satisfy the square integrability condition. 


'+00 

dx I4){x)|^ < -|-oo. (3.1) 

J —CO 

If we apply this condition to a one-dimensional harmonic oscillator, we obtain as 
the vacuum solution only the empty one satisfying 


a+|0)=0. 


Thus, we are forced to extend the condition for physically allowed wave func¬ 
tions in order to obtain "boson sea" analogous to the Dirac sea. In fact we extend 
the condition (3.1), replacing it by the condition under which, when we analyti¬ 
cally continuate x to the entire complex plane, the wave function cf^fx) is analytic 
and only an essential singularity is allowed as |x| —> oo. In fact, for the harmonic 
oscillator, we can prove the following theorem: 

i) The eigenvalue spectrum E for the harmonic oscillator 

is given by 


E = ± 



n G .2^+ U {0}. 


ii) The wave functions for positive energy states are the usual ones 


(3.3) 


4)n(x) = AnHn(x)e 

E=n-F-, n = 0+,l,2,--- . (3.4) 

_ 1 

ITere Hn(x) is the ITermite pol 5 momial while For negative 

energy states, the eigenfunctions are given by 


4>-n(x) = AnHn(ix)e+7’‘^, 

E = -(n+0, n = 0-,1,2,---. (3.5) 


iii) The inner product is defined as 
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(n|m) 


dx4)n(x*)*4)m(x), 

r 


(3.6) 


where the contour is denoted by P. The P should be chosen so that the integrand 
should go down to zero at x = oo, but there remains some ambiguity in the choice 
of P. However if one chooses the same P for all negative n states, the norm of these 
states have an alternating sign. 


The above i)-iii) constitute the theorem. Proof of this theorem is rather trivial, 
and we skip it by referring fhe refs. I3I4I . buf some commenfs are given in the 
following. 

Going from (3.4) to (3.5) corresponds to the replacement x —> ix, so the cre¬ 
ation and annihilation operators are transformed as 


[a+, a^] = -Pl —> [a_, a^] = -1. 

Here, a+ and are ordinary operators in the positive energy sector, and q_ 
and qL are operators in the negative energy sector which create and armihilate 
negative energy quanta respectively. 

It is useful fo summarize the various results obtained to this point in operator 
form. We wrife each vacuum and excited state in the positive and negative energy 
sectors, respectively, as 


4)+o(x) 


(3.7) 

o 

1 

-e- 


(3.8) 

4)n(x) : 

~ |n), neZ-{0}. 

(3.9) 


The important point here is that there exists a gap between the positive and 
negative sectors. Suppose that we write the states in order of their energies as 



a a a a a 


As usual, the operators causing transitions in the right and left directions are 
and a±, respectively. However, between the two vacua |0_) and |0+) there is a 
"wall" of fhe classical number 0, and due to its presence, these two vacua cannot 
be transformed into each other under the operations of q± and a^. In going to 
the second quantized theory with interactions, there appears to be the possibility 
of such a fransition. However, it turns out that the usual polynomial interactions 
do not induce such a transition. 
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Next, we comment on the definition of the inner product of states. As ex¬ 
plained above, there exists a gap such that no transition between the two sectors 
can take place. Thus, we can define the inner product of only states in the same 
sector. The inner product that in the positive energy sector provides the normal¬ 
ization condition is, as usual, given by 


(n|m) 


'+00 

dx4)J^(x)4)m(x) = Srtm, 

—oo 


n, m = 0+, 1,2, • • • . 


(3.10) 


However, the eigenfunctions in the negative energy sector are obtained as Eq.(3.5), 
so we propose a path of integration such that the integration is convergent, since 
we impose the condition that the wave functions are analytic. Then, we define 
the inner product in terms of a path P, which we make explicit subsequently: 


(nlm) 



dxcf)* (x*)4)tti(x) = 


n,m = 0_, —1, —2, • • • (3.11) 


Imx 




Re X 


Fig. 5.1. Path P for which the inner product (3.11) converges. 


Here, it is understood that the complex conjugation yielding ct)*{x*) is taken so 
that the inner product is invariant under deformations of the path P within the 
same topological class in the lined regions as shown in Fig. 15.II 

Therefore, the definition of the irmer product in the negative energy sector 
is not essentially different from that of the positive energy sector, except for the 
result of the alternating signature (—1 j^Snm/ which is, however, very crucial. On 
the other hand, if we adopt 4)*(x) instead of 4)*(x*) in (3.11), we can also obtain 
the positive definite inner product (n|m) = Snm for the negative energy sector at 
the sacrifice of the path-independence of P. 
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5.3.2 Boson vacuum in the negative energy sector 

The vacua |0+) and |0-) in the positive and negative energy sectors are 


(3.12) 

(3.13) 

In order to demonstrate how |0_) represents a sea, we derive a relation between 
the two vacua (3.12) and (3.13) analogous to that in the fermion case. In fact, 
by comparing the explicit functional forms of each vacuum, we easily find the 
relation 


— g’^^ . g^T’^^ g’^^ — gT(‘l+<lh^ 

|0_) = e7(“+“^)'|0+). (3.14) 

This relation is preferable for bosons for the following reason. In the fermion case, 
due to the exclusion principle, the Dirac sea is obtained by exciting only one quan¬ 
tum of the empty vacuum. Contrastingly, because in the boson case there is no 
exclusion principle, the vacuum |0_) in the negative energy sector is constructed 
as a sea by exciting all even number of quanta, i.e. an infinite number of quanta. 

5.3.3 Boson sea 

In the present subsection, we investigate the boson vacuum structure in detail, 
utilizing the second quantized theory for a complex scalar field. Firstly, we clarify 
the properties of the unfamiliar vacuum ||0_) in the negative energy sector, using 
the result of Subsection 3.1. To this end, we study the details of the infinite-dimen¬ 
sional harmonic oscillator, which is identical to a system of a second quantized 
complex scalar field. The representation of the algebra (2.10) that is formed by 
a+, a_ and their conjugate operators is expressed as 

The Hamiltonian and Schrodinger equation of this system as the infinite-dimen¬ 
sional harmonic oscillator read 


" = J 

HO [A] 


d^k f 1 6^ 

(27t)3 |“2 6A2(k) 
= EO[A]. 



(3.17) 

(3.18) 
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Here, O [A] denotes a wave functional of the wave function A(k). We are now able 
to write an explicit wave functional for the vacua of the positive and negative 
enegy sectors: 


0+) 

:,,Oo,[A]=e 

(3.19) 

0-) 


(3.20) 


We can find a relation between these two vacua via Eq.(3.14): 


|| 0 _) = 


(3.21) 


From this equation, we see that the negative energy vacuum ||0_) is a coherent 
state constructed from the empty vacuum ||0+) of the positive energy sector by 
creating all the even number negative energy bosons through the action of (k). 
In this sense, ||0_) is the sea in which all the negative energy boson states are 
filled. 

To avoid the misconceptions that the positive and negative energy sectors 
may simultaneously coexist and that there is no distinction between them, we 
depict them in Fig. 15.21 


positive energy 
sector 


+ 6 
+5 
+4 
+3 
+2 
+ 1 
0 + 


0 _ 

-1 

-2 

-3 

-4 

-5 

-6 


wall of 0 


negative energy 
sector 


(zero) 


Fig. 5.2. Physical states in the two sectors. 


To end the present section, a comment about the inner product of the states 
in the second quantized theory is in order. If we write the n-th excited state as 
|n) ~ On [A], the inner product is defined by 


DAO;[A*]Om[A] 


(3.22) 
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where on the right-hand side there appears a functional integration over the 
scalar field A(k). Recalling the definition of a convergent inner product in the 
first quantization, (3.11), it might be thought that the integration over A should 
be properly taken for n, m = 0_, — 1, —2, • • • in order to make the integration con¬ 
vergent. 

5.4 Towards Supersymmetric Relativistic Quantum 
Mechanics 

In the proceeding section 3 we investigated the structure of the vacuua in the 
multiparticle system, i.e. field theory in terms of the supersymmetry. The present 
section we attempt to formulate the realization of the supersymmetric 1 particle 
system, i.e. relativistic quantum mechanics. This formulation in our 2nd qunan- 
tization method is really starting point: the 1 particle system appears as the exci¬ 
tation of the unfilled Dirac seas for bosons and fermions. 

We first express the supersymmetry transformation for the chiral multiple! 
in the N=1 supersymmetric theory. 


6£_A = V2h\>, 

5^^ = iVla^ld^A + V2E,¥, (4.1) 

in terms of the matrices. For this purpose we write the chiral multiple! as the 
vector notation: 



Then the supersymmetric generators at the 1st quantized level in an off-shell 
representafion which induces the SUSY transformation (4.1) is given by 

/0V26| 0 \ / ^ 0 0\ 

Q« = 0 0 V2ep« , Q« = 0 0 . (4.3) 

\0 0 0 J \ 0 i^/2&^^l'Peya5^ 0/ 

The Lorentz-invariant irmer product is defined as natural one. 


(OIO) = 




(4.4) 


with a matrix I, 
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/i9o 0 0\ 

I = 0 0 . (4.5) 

Vo 0 0/ 

It is easy to check that the SUSY algebra {Qa, Qd} = as well as 

hermiticity condition (QOI®)^ = hold by means of the equations of 

motion 


d^A^O, (J^a^,Tl) = 0, F = 0. (4.6) 

For instance, by utilizing the equations of motion 


(Qa)^I = IQd. (4.7) 

where the dagger f on the left hand side denotes the usual hermitian conjuate of 
the matrix. 

In passing to the 2nd quantized theory, the SUSY generator Q is expressed 
as 


+ Qd^“ 


d3x®n(eQ« + Qde“)® 


(4.8) 


If we wish, we may use the Dirac representation by doubling the number of 
fields and fhrough the equations of motion we rederive the and Qd in terms of 
the creation and armihilation operators which coincide with the equations (2.14). 
Under the action of this SUSY generator (4.8) the vacuum 


||0+) = 110)0 ||0_)®||6+)®||6_) (4.9) 

is variant. It is worthwhile to notice that 1 particle states are related each other as 


II +l,k) = aV(k)||0+) ^ II +T,k) = bi(k)||0+), 

II -l,k) = a_(k)||0_) ^ II -T,k) = d(k)||6_). (4.10) 

Thus it is clear that the supersymmetry at the level of 1 particle states is perfectly 
realized. 

The imsolved problem to the authors is to derive the classical action which 
should lead to the supersymmetric quantum mechanics |5l- It is still unknown 
how to obtain this classical action: in the usual theories, as we know, the Schrodin- 
ger equation (4.6) that is derived from fhe classical action describing world line, 
is obtained by replacing the coordinates of the space-time by operators. However, 
we have not succeeded so far to obtain the classical action in SUSY case. 
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To close this section, we note that the above argument can easily be done in 
a superspace formalism, because each entry of the above matrix representation 
is nothing but the degree of superspace coordinafe 0. As is well known, insfead 
of (4.3), we may use the SUSY generators in a superspace formalism in terms of 
chiral superfield in fhe following form 


^ 00a 


aa0“9^. 


00a 


■i0" 


rr'^ a 


By making use of the Lorentz invariant inner product 


(OiO) 


d^xd^0d^0 (I)^0o-°0(I) 


where we inserted 0cr°0 instead of fhe mafrix I in equafions (4.4) and (4.5). In fhis 
way we go on the argument in the superspace formalism exacfly parallel to our 
previous formalism where fhe matrix representation is used. 


5.5 Conclusions 

In this paper, we have proposed the idea that the boson vacuum forms a sea, like 
the Dirac sea for fermions, in which all the negative energy states are filled. This 
was done by infroducing a double harmonic oscillafor, which sfems from an ex¬ 
tension of the concept of the wave function. Furthermore, analogous to the Dirac 
sea where due to the exclusion principle each negative energy state is filled wifh 
one fermion, in the boson case we also discussed a modification of fhe vacuum 
sfate so thaf one could imagine fwo t 5 rpes of different vacuum fillings for all the 
momenta. The usual interpretation of an anti-particle, as a hole in the negative 
energy sea, turns out to be applicable not only for fhe case of fermions but also 
for fhat of bosons. Thus, we have proposed a way of resolving the long-standing 
problem in field fheory fhat the bosons cannot be treated analogously to the Dirac 
sea treatment of fhe fermions. Our presentafion relies on the introduction of fhe 
double harmonic oscillator, but that is really just to make it concrete. What is 
really needed is that we formally exfrapolate fo have negative numbers of par¬ 
ticles, precisely what is described by our "double harmonic oscillator", which 
were extended to have negative numbers of excitation quanta. Supersymmetry 
also plays a substantial role in the sense that it provides us with a guideline for 
how fo develop the method. In fact, our method is physically very natural when 
we consider supersymmetry, which, in some sense, treats bosons and fermions 
on an equal footing. 

Our picture of analogy befween fermion and boson sea description is sum¬ 
marized by Table 2. 
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Fern 

positive single particle energy 
E >0 

lions 

negative single particle energy 
E < 0 

empty ||0+) 

true 

not realized in nature 

filled ||0_) 

not realized in nature 

true 



Bos 

positive single particle energy 
E > 0 

ons 

negative single particle energy 

E < 0 

"sector with bottom" 
analogous to "empty" 

110+) 

true 

not realized in nature 

"sector with top" 
analogous to "filled" 

II0-) 

not realized in nature 

true 


Table 2: Analogy between fermion and boson sea description 

Next, we presented an attempt to formulate the supersymmetric quantum 
mechanics. We found that our representation of SUSY generators in the matrix 
form is properly constructed only when we utilize the equations of motion (Schro- 
dinger equations) and can be interpreted as the SUSY generators in the second 
quantization. Using these generators, the 1 particle states of boson and fermion 
are related within the positive and negative energy sectors respectively. There¬ 
fore, we could conclude that our SUSY generators in the matrix form are useful 
to formulate the supersymmetric and relativistic quantum mechanics. 
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Abstract. In the approach by one of us (N.S.M.B.1 I514I unifying spins and charges, the 
gauge fields origin only in the gravity and the spins and the charges in only the spin. 
This approach is also a kind of the genuine Kaluza-Klein theory, suffering the problem of 
geffing chiral fermions in the "physical space". In ref.jEl we discussed a possible way for 
solving this problem by an appropriate choice of boundary conditions. In this contribution 
we discuss further possible choices of boundary conditions. 


6.1 Introduction 


Genuine Kaluza-Klein-like theories, assuming nothing but a gravitational field in 
d-dimensional space (no additional gauge or scalar fields), which after the spon¬ 
taneous compactification of a (d — 4)-dimensional part of space manifest in four 
dimensions as all the known gauge fields including gravity, have difficulties 
with masslessness of fermionic fields at low energies. It looks namely very diffi¬ 
cult to avoid after the compactification of a part of space the appearance of repre¬ 
sentations of both handedness in this part of space and consequenfly also in the 
(l-i-3)-dimensional space. Accordingly, the gauge fields can hardly couple chirally 
in the (1+3) - dimensional space. 

In an approach by one of us i4l5l if has long been the wish to obtain the gauge 
fields from only gravity, so that "everything" would become gravity. This ap¬ 
proach has taken the inspiration from looking for unifying all the internal degrees 
of freedom, that is the spin and all the charges, into only the spin. This approach 
is also a kind of the genuine Kaluza-Klein theory, suffering the same problems, 
with the problem of getting chiral fermions included, unless we can solve them. 

There are several attempts in the literature, which use boundary conditions 
to select massless fields of a particular handedness I6I7I8I9I . Boundary conditions 
are chosen by choosing discrete orbifold symmetries. 

In this contribution we study a toy model with a Weyl spinor, which caries 
in d(= 1 -b 5) -dimensional space with the symmetry M.* l+3)x 

a flat finite disk 

only the spin as the internal degree of freedom. The only back ground field is the 
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gravitational gauge field with vielbeins and spin connections, which manifest the 
rotational symmetry on the flat disk. 

We require that the Kaluza-Klein charge of spinors is proportional to the total 
angular momentum on the disk and search for spinors, which manifest in M* ^ 
masslessness (have no partners of opposite handedness) and are chirally coupled 
by the Kaluza-Klein charge to the corresponding Kaluza-Klein field. 

This contribution mainly comments the ref. 121 • 

6.2 Weyl spinors in gravitational fields with spin connections 
and vielbeins 

We let^ a spinor interact with a gravitational field ll2l through vielbeins f“a (in¬ 
verted vielbeins to e“a with the properties e“af“b = S“b, e“af*^a = ) and 

spin cormections, namely cuaba/ which is the gauge field of — 

ybyii) yjq choose the basic states in the space of spin degrees of freedom to be 
eigen states of the Cartan sub algebra of the operators: 

The covariant momentum of a spinor is faken to be 

P0a=f“aP0a, POal^ = Pa “ ^S'^'^CUcda, (6.1) 

when applied to a spinor function rj). 

The corresponding Lagrange density C for a Weyl has the form 

£ = E^[(^l'V°Y“Poa4’] + (^Vy“Poq4’)'''] 

and leads to 

£ = Erl;VY“(Pa-^S^‘'aeda)^, (6.2) 

with E = det(e‘^a), iTcda = ^(oJcda + (-)‘^'^“a)*cda), and with which is 

— 1, if two indices are equal, and is 1 otherwise (if all three indices are different). 
(In d = 2 case dabc is always pure imaginary.) 

The Lagrange density i6.2i leads to the Weyl equation 

Y°Y“Poa^ = 0, Poa = (f“aPa - ^S^^^Ocda). (6.3) 

We assume that a two dimensional space is a flat disk 

f"s =6"s, CU56S =0, (6.4) 

with the rotational symmetry and with the radius Pq. 

' Latin indices a,b,..,m,n,..,s,t,.. denote a tangent space (a flat index), while Greek 
indices «, |3,.., p,"v, .. a , t.. denote an Einstein index (a curved index). Letters from the 
beginning of both the alphabets indicate a general index (a, b, c,.. and |3, Y) )r from 
the middle of both the alphabets the observed dimensions 0,1,2,3 (m, n,.. and p, v,..), 
indices from the bottom of the alphabets indicate the compactified dimensions (s,t,.. 
and cr,T, ..). We assume the signature = diag{l, —L ~L • • • i~l}- 
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6.3 Solutions on the disk 

Spinors manifest masslessness in d = (1 + 3)-dimensional space, if they solve the 
Weyl equation <6.3> with a = 5,6, so that the term Etfjly^Y^posTj’) s = 5,6 (the 
only term, which would manifest as a mass term in d = 1 + 3) is equal to zero. 
Otherwise they manifest a mass in d = (1 + 3)-dimensional space. 

We are accordingly looking for massless (m = 0) and massive (m ^ 0) solu¬ 
tions of the equation on a flat disk 

2iS^®po(6) = -mi]) (6.5) 

and require that the solutions are eigenvectors of the total angular momentum 
operator on the disk- -1- 

We find as the eigenfunctions of 

^'^ + (n+l/2)(P, = a+n(p)e"^‘P(-k) -k |3 + n+i(p)e"'’^+^’‘PH, 

^l^""-(n+i/2)(p.cp) =a-n+i(p)e-'<"+”‘P{+) + (3-^(p)e-'-‘PH. (6.6) 

Index m denotes that spinors carry a mass m. The functions a^k(p), |3^k(p), ^ — 
n, n -k 1, n = 0,1,2,3..., must solve Eq. <6.5> (for either the massive - - 

or the massless - 4’^^°±(n+i) ‘ case), which in the polar coordinates read 

i(^ - -)«:+n(p) = m (3+n+i (p), 

9p p 

i(^ + ^^^^^)(3+n+i(p) =ma+n(p). (6.7) 

9p p 

One immediately finds that for m = 0 the functions a+n(p) = P", (3 + rv+l = 0 
and a^n+i = 0, |3^n = P^, n = 0,1,2..., solve Eq. <6.7> . so that the right handed 
solutions and the left handed solutions in d = 2 are as follows 

ilj’"^°+(n+V2) (P, T) = , )p-e^-'P(+), 

4’’^"°-(n+i/2)(P.(p) = (6.8) 

with constants with respect to p and cp. In the massive case, for the two 

types of functions and (3^ra the Bessel functions of the first order can be 
taken as follows: a+n(p) = (3^n(p) = In and |3+n+i (p) = cx^+i (p) = -ijn+i ■ 


6.3.1 Discussions on the solutions 


We started with a Hermitean operator (Eq. J6.5l l. whose eigenvalues must be real 
(m is a real number) and solutions form accordingly a complete basis for either 
massless or massive cases. Eigenfunctions have in the massive case the following 
orthogonality relation 


Po r27t 

pdp 


dcp xJj’^^±{Tt+l/2)(P, T)^1 ^’^±{ti' + 1/2)(P.(P) 


Po r27t 

pdp 


0 


0 


d(pi^’^’^±{Ti+V2)(P,(p)^l^’^T{n'+i/2)(P.(p) =0- (6-9) 
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for any finite po. If Po is infinite, the integral in the first of the above equations is 
infinite for n = n'. 

When we transform Eq. (l6.7> into a second order equation and if we write for 
the massive case a+Tt(p) = (3^n(p) = Jn and (S+n+i (p) = (p) = -ijn+i, we 

end up with the Bessel equation 

+x^ + (x^ -n^))Jn = 6Jtv = 0, form 7 ^ 0 , mp = x. (6.10) 
For the massless case we obtain the equation 

(p^^ + p^ + (-n^))A±p^ = 0, form = 0. (6.11) 

dp^ dp 

Solutions of both equations form a complete set, and any solution of the second 
equation can be expressed with the solutions of the first equation and opposite. 

The Bessel functions of different n are not orthogonal. This can easily be un¬ 
derstood, since (■^]^ = ^ but so that we can not expect that + 

x-^ -|- x^)fn = n^Jn would guarantee the orthogonality of solutions, since in¬ 
deed (x-^^ + ^ = O.Jn is the right relation (Any f(x)l = f(x), but 

the part with derivatives requires y)- This means that all Jn belong to the same 
eigen value 0, and are accordingly not orthogonal in general. But 4’±(n+i/2) 
orthogonal and they can be orthonormalized in any finite interval po smaller than 
infinite. 

Also the solutions of Eq. <6.111 for the massless case) can only be normalized 
in a finite interval of {0, po} and for normegative integer n only. 

6.3.2 Our boundary condition on a finite flat diskJ12j] 

The boundary condition for a flat finite disk, used in the ref. ffTl . is as follows 

(1 -in<P>»n<'P>pf“af^TV)^Hp=Po =0, (6-12) 

where rj) is the solution of the Weyl equation in d = 1 -|- 5 and 

= (0,0,0,0, cos cp, sin cp), 

= (0,0,0,0, — sin cp, cos cp] 

are the two unit vectors perpendicular and tangential to the boundary (at po), 
respectively. (The operator (1 —in*P' pf^af^bT^T^) does not commute with 
the operator (po( 5 ) + 2iS^®po(6)) of Eq. <6.5U . 

According to this bormdary condition (Eq. <6.12H only the masses, for which 
P"’"k(Po) = 0, are allowed, since the term with (-i) is at po multiplied by zero, 
while the term with [—] is multiplied by (l-i-l). In the massless case, the boundary 
condition requires that = 0, so that only right handed spinors with the 

spin part (-P) survive. There are accordingly infinite number of massive and of 
massless solutions. To different solutions different total angular momenta corre¬ 
spond and in the massive case also different masses. 
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Masses are, due to the boundary condition, discretized: Only masses, for 
which m^n.kPo = <x-n,]c, where n determines the Bessel function and k de¬ 
termines the k'th zero of Jn, are allowed. 

One finds: 


Ta+ 0,1 Po = 3.83.. = m^i ,1 po, 
m^o,! Po = 2.40.. 
Po = 5.13.. = m^ 2 ,i Po, 


(6.13) 


For a small enough po a gap between massless and massive states can be very 
high in comparison with observable energies in the "physical" world. 

We easily see that a current through the boundary 

n'P>J“lp=po =^+yVf“an<P>«^|p=p„, (6.14) 

is in all the cases (massless and massive) equal to zero. In the massive case, the 
current is proportional to the terms a*ic(Po)(3"’"k±i (Po)/ which are zero, since al¬ 
ways either a*k(Po) or (3^ic±i (po) is zero on the boundary. In the massless case 
(3+Ta is zero all over. (The same fact makes the requirement that the term of fhe 
fype j J d^x(g^(5r(>lY°y®i|) -|- r(ilY°Y®5i|)) = 0 is frivially fulfilled.) 


6.3.3 Discussions on the extended version of boundary conditions 

Let us try to extend the above boundary conditions as follows 

(I -m'p>«n''P>pf«af^YV-2F(n'p>«p“.n'P>«x“))^l)|p=p„ =0, (6.15) 

where we are searching for a funcfion F(n*P*aP“-TX*'^'aX“), which would allow 
only one massless solufion of a chosen handedness and leave massive solutions 
untouched. For our flat disk this condition simplifies fo F(ip-^). In fhe massless 
case this boundary condition requires if, for example, k(p-^) = 2(ip-^)^, thaf 

n^K(n+i,lp^po=0, 

(l+n2)rl;-=o^,,|p=p„=0. (6.16) 

It then follows fhat only one leff handed solufion is nonzero, namely • 

For massive cases the same requirement 

(1 - r(2) +2(xA)2)rl;-^,^^ , ,|p=p„ = 0, (6.17) 

leads to (x^^ -F x^)Jnlp=po = 0 = ((x^ - n2))jTxlp=p J and at the same time to 
+x-^)Jn+ilp=po = 0 = (1 -f (x^ - (n-k 1)^))Jn+i lp=po), which only 
can be true, if Jnlp=po — 0 = Jn+i lp=po- But this is not the case, since two Bessel 
functions never have a zero at the same value of x. 

One can hardly expecf thaf any other function of the derivatives k(p-^) 
would lead to requirements, which would allow all the above massive solutions 
to survive. It looks like therefore, thaf if we insisf to have infinite many (discrete) 
massive solutions, then also all possible massless solutions of a chosen handed¬ 
ness will be allowed. 
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6.3.4 Orbifolds on the boundary 

Let us now assume that the boundary on the disk is not a manifold S ^ but instead 
an orbifold S V^i- 

We then require: 

4’’^±{ti+1/2)(P0,—T*) = P4’’^±{ti+ 1/2)(P0, (p), (6.18) 

with P = ±1. This way of identification of two points on a circle means for 
0 < cp < 7T that goes to —x^^* and x^®* goes to x^®^ at p = po, if (p goes 
to — cp. Since this kind of orbifold conditions break the rotational symmetry on 
the disk, the total angular momentum is not a symmetry of the disk and 
for massless spinors this boundary condition allows only /2 to survive, 

while no massive solution exists. 

Since the two massless solutions carry two different charges = ±1 /2 

for 4 ’^^°±i/ 2 / respectively), this two solutions are mass protected and chirally 
coupled to the Kaluza-Klein charge, and accordingly acceptable. The fact that 
there are no massive solution makes this orbifold condition unacceptable. 

6.4 Conclusions 

We discuss in this contribution the influence of a choice of boundary conditions 
on possible solutions of Weyl equations in a space We start with a spinor 

of a chosen handedness in d = 1 + 5-dimensional space and assume that the space 
factorizes into M* ^ x a flat finite disk with the radius po and with boundaries, 
which should allow massless spinors of only a chosen handedness. The spinor, 
whose the only internal degree of freedom is the spin, interacts with the gauge 
gravitational field represented by spin connections (cuaba) and vielbeins (f“a)- 
The disk (manifesting the rotational symmetry) is flat (f'^s = 6‘^s, cUstcr = 0). We 
look for massless spinors in (1 -1-3) "physical" space, which are mass protected 
and chirally coupled to a Kaluza-Klein gauge field through a quantized (propor¬ 
tional to an integer) Kaluza-Klein charge. 

To be massless in (1 -1-3) space, spinors must obey the Weyl equation on a 
disk: 'Y°7®f‘^sPcT4’ = 0, s = {5,6), cj = {(5), (6)}. The boundary condition on the 
disk makes the current of (massless and massive) spinors in the perpendicular 
direction to the boundary to be zero and guarantees that massless spinors are 
mass protected. We have found one boundary condition: 

(1 -in<P>„n<‘P>pf“af'P’bTV)^Hp=Po =0, 

which allows massless solutions of only one handedness and makes massive so¬ 
lutions to have discrete values of masses. There are infinite many massive so¬ 
lutions and there are more then one massless solutions in the "physical" space, 
manifesting different charges. Other discussed boundary conditions do not allow 
any massive solutions. We demonstrated in ref.p2^. that the background gauge 
field, chosen to obey isometry relations and respecting accordingly the rotational 
symmetry on the disk, fulfills the general equations of motion, which follow in 
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(1+5) from the action, linear in the Riemann curvature. The effective Lagrangean 
in d = (1 + 3) is for the flat space the ordinary Lagrangean for the U(l) field. 
The current (for massless or massive spinors) is in the (1 + 3(-dimensional space 
proportional to the total angular momentum on the disk which is accord¬ 

ingly determining the charge of spinors (proportional ton + 1/2, n = 0,1,2,..). 
Consequently massless spinors are mass protected and chirally coupled to the 
Kaluza-Klein gauge fields. 
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Abstract. Using a technique Ill2l to construct a basis for spinors in terms of the Clifford 
algebra objects, we define the creation and armihilation operators for spinors and families 
of spinors as an odd Clifford algebra objects. The proposed "second quantization" proce¬ 
dure works for all dimensions and any signature and might also help to understand the 
origin of charges of quarks and leptons 13 14 I 5 I 6 I as well as of their families. 

7.1 Introduction 

We presented in a paper|!T| the technique to construct a spinor basis as products 
of nilpotents and projectors formed from fhe objects for which we only need to 
know that they obey the Clifford algebra. Nilpofents and projectors are odd and 
even objects of y‘^'s, respectively, and are chosen to be eigenstates of a Cartan sub 
algebra of the Lorentz group in the sense that the left multiplication of nilpotents 
and projectors by the Cartan sub algebra elements multiplies these objects by 
a number. The technique enables to construct a spinor basis for any dimension 
d and any signature in a simple and transparent way. Equipped with graphic 
representation of basic states, the technique offers an elegant means of seeing all 
the quantum numbers of states with respect to the Lorentz group, as well as the 
transformation properties of states under Clifford algebra objects. 

Multiplying products of nilpotents and projectors from the left hand side by 
any of the Clifford algebra objects, we get a linear combination of these "basic " 
elements back: our basis spans a left ideal, and has 2'^^^ elements for d even and 
2 (d-i 1/2 elements for d odd. 

The proposed technique was irdtiated and developed by one of the authors of 
this paper, when proposing an approach l3l4l,5l in which all the internal degrees 
of freedom of either spinors or vectors can be described in the space of d-anti 
commuting (Grassmann) coordinates, if the dimension of ordinary space is also 

d. 

We show in this paper how can products of nilpotents and projectors be used to 
define the creation and annihilation operators for a spinor representation. We discuss 
even dimensional spaces. 
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We assume an arbitrary signature of space time so that our metric tensor 
with a, b G {0,1,2,3,5, • • • d) is diagonal with values = ±1, depending on the 
chosen signature (+1 for time-like coordinates and —1 for space-like coordinates). 


7.2 Technique to generate spinor representations in terms of 
Clifford algebra objects 


We shall briefly repeat the main points of the technique for generating spinor 
representations from Clifford algebra objects, following the reference Ul. We ask 
the reader to look for details and proofs in this reference. 

We assume the objects y“, which fulfil the Clifford algebra 

{y“,T'"}+= I for Q,b G {0,1,2,3,5, • • • , d}, (7.1) 

for any d, even or odd. 1 is the unit element in the Clifford algebra, while 

{Y",Yn±=yV±YV. 


We assume the "Hermiticity" property for y“'s 

yat^^aa^a_ (73) 

in order that y“ are compatible with (17.11 and formally unitary, i.e. y“^y“ = 1. 
We also define the Clifford algebra objects 

S"'’ = ^[y“,y'’]:=^(yV-YV) (7.3) 

which close the Lie algebra of the Lorentz group 

{5ab^S‘=d}_ =i(Ti‘^‘i5bc .^^bcgad ^^acgbd _^bd5ac)^ 

One finds from Eq. (l7.2t that fh = and that{S“'’, 

Recognizing from Eq. J7.3> and the Lorentz algebra relation that two Clifford 
algebra objects 5“'^, S‘^'^ with all indices different commute, we select (out of in¬ 
finitely many possibilities) the Cartan sub algebra of the algebra of the Lorentz 
group as follows 

gOd^S^^ $35 ... sd-2d-l^ if d = 2n, 

‘i, if d = 2n-iL (7.4) 


To make the technique simple, we introduce the graphic representation|(T| as fol¬ 
lows 


(k): 

ab 

M: 


1 

-(y“ + - —y'') 

^(1 + ^ yV ), 


(7.5) 


where k^ = One can easily check by taking into account the Clifford 

algebra relation (EqlZU and the defirdtion of (Eq l7.3> that if one multiplies 
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ab ab 

from the left hand side by the Clifford algebra objects (k) and [k], it follows 
that 


ab 1 ab 

(k)=-k(k), 

ab 1 ab 

[k]= -k [k] . (7.6) 


ab ab 

This means that (k) and [k] acting from the left hand side on anything (on a vac¬ 
uum state |t|)o)/ tor example ) are eigenvectors of 
We further find 


ab ab 

Y" (k) =Tl"“ [-k], 
ab ab 

Y^’ (k) = -ik [-k], 

ab ab 

y“ [k] = (-k), 

ab ab 

yb [Ic] = -ikri“^ (-k) 


(7.7) 


It follows that 

ab cd I ab cd 

S“'^ (k)(k) = [-k][-k], 

abed A ab cd 

[k][k] = - (-k)(-k), 

ab cd I ab cd 

(k)[k] [-k](-k), 

ab cd A ab cd 

[k](k) = -Tl“ (-k)[-k] . 

It is useful to deduce the following relations 


ab 1 

(k) 


(-h), 


abi ab 

[k] =[k], 


(7.8) 


and 

ab ab 

(h)(k) =0, 

ab ab ab 

[k][k] = [k], 

ab ab 

(k)[k] =0, 

ab ab ab 

{k)[-k] = (k), 


ab ab ab 

(k)(-k)=Tl“-[k], 

ab ab 

[k][-k]=0, 

ab ab ab 

M{k)=(k), 

ab ab 

[k](-k)=0, 


ab ab ab 

(-k)(k)=ri““ [-k] 

ab ab 

[-k][k]=0, 

ab ab ab 

(-k)[k]=(-k), 

ab ab 

[-k](k)=0, 


ab ab 

(-k)(-k)=0 

ab ab ab 

[-k][-k]=[-k] 

ab ab 

(-k)[-k]=0 

ab ab ab 

[-k](-k)=(-k)(7.9) 


We recognize in the first equation of the first row and the first equation of the 
second row the demonstration of the nilpotent and the projector character of the 

ab ab 

Clifford algebra objects (k) and [k], respectively. 
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Whenever the Clifford algebra objects apply from the left hand side, they always 

ah ab ab ab ab ab 

transform (k) to [—k], never to [k], and similarly [k] to (—k), never to (k). 

According to ref.|J|, we define a vacuum state |tj)o > so that one finds 

ab f ab 

< M (k) >= 1 , 

abf ab 

< [k] [k] >= 1. (7.10) 

Taking the above equations into account it is easy to find a Weyl spinor irre¬ 
ducible representation for d-dimensional space, with d even or odd. (We advise 
the reader to see the referencellj.) 

For d even, we simply set the starting state as a product of d/2, let us say, 

ab 

only rdlpotents (k), one for each of the Cartan sub algebra elements lF,q. J7.4H . 
applying it on an (unimportant) vacuum stateQ^j. Then the generators 5“'^, which 
do not belong to the Cartan sub algebra, applied to the starting state from the left 
hand side, generate all the members of one Weyl spinor. 

Od 12 35 d-1 d-2 

(kod)(hl2)(h35) • • • (kd-1 d- 2 ) '4’0 
Od 12 35 d-1 d-2 

[~hod][—hiiKkas) • • • (kd_i d-2) ilio 
Od 12 35 d-1 d-2 

[~hod](hi2)[—kas) • • • (kd-i d-2) ilio 


Od 12 35 d-1 d-2 

[~hod](hi2)(k35) ••• [—kd-1 d-2] ill0 


od 12 35 d-1 d-2 

(hod)[^hi2][—kss] • • • (kd-1 d-2) i^o 


(7.11) 


7.3 Creation and annihilation operators for spinors 

If is a creation operator, which creates a spinor state, when operating on a vac¬ 
uum state |il>o > and 63 = ( 6 |)^ is the corresponding armihilation operator, then 
for a set of creation operators and the corresponding annihilation operators 6 ^ 
it must be 

{ 6 i, 6 t}+itl)o > = 

{6|,6|}+|ilio > = 0 , 

{6i,Bj}+|rl)o > = 0, 

^jiilio > 

Bililio > = 0. (7.12) 


We first shall pay attention on only the internal degrees of freedom - the spin. 
In this case, let be a creation operator, which creates one of fhe ) Weyl 
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basic states, when operating on a vacuum state and 6 ^ = is the correspond¬ 
ing annihilation operator. 

Let us make a choice of the starting state for a Weyl representation in d = 
2 ( 2 n -|- 1 ) dimensional space as follows 

03 12 35 d-1 d 

(+i)(+)(+) •••(+] , (7.13) 

so that it is made out of products of odd number of nilpotents (( 2 n - 1 - 1 )) and has 
accordingly an odd Clifford character. In the case of d = 4m the starting state will 
be made again of an odd number of nilpotents and of one projector 

03 12 35 d-3 d-2d-l d 

(+!)(+)(+) ••• (+] [+] . (7.14) 

Again the Clifford character of the starting state is odd. To simplify the notation 
in the above two equations and making accordingly the whole presentation more 
transparent, we made a choice of the signature, although the signature could be 
any. The choice of the signature determines whether (-|-i) or (-I-) have to appear 
as nilpotents. For one time and d — 1 space coordinates the only (- 1 -i) appears in 
the first nilpotent factor. We define 

03 12 35 d-1 d 

: = (+!)(+)(+) • ■ • (+) , 
d-1 d 35 12 03 

6 i := (-) ••• (-)(-)(-!), ford = 2 ( 2 n+l), 

03 12 35 d-3 d-2d-l d 

= (+!)(+)(+]•• • (+) [+] ) 

^ d-l.dd-2d-3 35 12 03 

6 i:= [+] (-) ••• (-)(-)(-!), ford=4m. (7.15) 

We must define also the vacuum state. We make a choice 
03 12 35 d-1 d 

l^jio > = [-i]HH ■ ■ • H |0 >, for d = 2 ( 2 n-M), 

03 12 35 d-3 d-2d-l d 

l4>o > = [-i]HH ■ • • H [+] |0 >, ford=4m. (7.16) 
Statement 1: )^ = 0 and (Si )^ = 0. 

Proof: The proof is self evident since a square of any nilpotent is zero. 
Statement 2: S^ Irjio > 7 ^ 0 and Si Irjio >= 0. 

ab ab ab ab ab ab 

Proof: Since according to Eq. <7.9t (-!-)[—]=(-!-) and [-1-] [-b]=[-!-], it follows that 
SjlrjiD > 7 ^ 0 for both kinds of dimensions (d = 2(2n + 1) and d = 4m). Since 

ab ab 

according to the same equation (—)[—]= 0 , it follows that Si |r]jo >= 0 for both 
kinds of dimensions (d = 2(2n -b 1) and d = 4m). 

Statement 3: >= 1. 

Proo/Si 14)0 >= 0 while according to Eq. <7.10> the state < xjiolSiSI |4io > can 
always be normalized to one. 

Eor this particular one creation and one armihilation operator, creating and 
annihilating the staring state of one Weyl representation, we have proved that all 
the requirements from Eq. ll7.1 2i are fulfilled. 
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All the states of one Weyl representation follow from the starting state by the 
application of with (a, b) which do not characterize the Cartan sub algebra 
set. To reach all the states of one Weyl represenfation from fhe starting state, at 
most a product of (d — 2)/4 for d = 2(2n + 1) and d/4 for d = 4m (m and n 
are infegers) differenf have fo be applied on a starting state. None of this 
may belong to the Cartan sub algebra set. We accordingly have 

bt oc S“^..S"fb|, 

fit cx (7.17) 


withS“*’l =ri“^ri’^^S“*’. 

Statement l.a.: = 0 and ( 6 i)^ = 0, for all i. 

Proof: To prove fhis sfatement one musf recognize thaf 5““^ (or S“‘^, S^'^) 

ab cd ab cd 

transforms (+](+] to [—][—], that is an even number of nilpotenfs (+) in the start¬ 
ing state will be transformed into projectors [—] in the case of d = 2(2n + 1). For 

ab cd ab cd 

d = 4m if happens also thaf (or fransforms (-I-] [-I-] info [—] (—). 

Therefore for either d = 2(2n -|- 1) or d = 4m at least one of facfors, defining a 
particular creation operator, will be a nilpotent: for d = 2 ( 2 n -|- 1 ) a nilpotenf fac¬ 
tor is just one (or odd number) of the nilpotents of the starting state, for d = 4m 

d-l d 

a nilpofent facfor can also be (—) . A square of af leasf one nilpotenf factor (we 
may have odd number of nilpofents) is enough to guarantee that the square of 
the corresponding is zero. Since fit = the proof is valid also for anni¬ 
hilation operators. 

Statement l.a.: >f 0 and Si|i|)o >= 0, for all i. 

Proof: One musf recognize that distinguishes from in (an even number 

ab 

of) those nilpotents (-i), which have been transformed into [—]. When [—] from 

bj meets [—] from |t|)o >, the product gives [—] back, and accordingly nonzero 
contribution. And the Statement 2.a. is proven for d = 2(2n 4-1). For d = 4m 
d-l d d-l d 

also the factor [-I-] can be transformed. It is transformed into (—) which, when 

d-l dd-1 d d-l d 

applied to a vacuum state, gives again a nonzero contribution ( (—) [-i] = (—) , 

Eq. <7.9H . In the case of 6 i we recognize that in at least one factor is nilpotent; 
that of the same type as in the starting 6 ^ - ( 4 -) - or in the case of d = 4m it can be 

also (—) . Performing the Hermitean conjugation (bl)l, (4-) transforms into (—), 
d-l d d-l d d-l dd-1 d 

while (—) transforms into (4-) in b^. Since (—)[—] gives zero and (4-) [4-] 

also gives zero, the statement is proven. 

Statement l.b.: { 6 t, 6 j}+ = 0, for each pair (i, j). 

Proof: There are several possibilities, which we have to discuss. A trivial one 
is, if both and 6 | have a nilpotent factor (or more than one) for the same pair of 

kl kl kl 

indices, say (4-). Then fhe product of such two (4-) (4-) gives zero. It also happens, 

^4- ^4- 

that bl has a nilpotent at the place (ij) ([—] • • • (4-) • • • [—] • • •) while b! has a 
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03 


nilpotent at the place (Im) ([- 


Im 

(+) 


■ •). Then in the term the 


product [“](+) makes the term equal to zero, while in the term the product 
tj t) 

[—](+) makes the term equal to zero. In the case that d = 4m, it appears that 
03 ij d-1 d 03 ij d-1 d 

=[—] • • • (+) • • • [+] and St =[—] • • • [—] • • • (—) . Then in the term StS- 

d-1 dd-i d ij ij 

the factor [+] (—) makes it zero, while in SI ST the factor [—] (+) makes it zero. 

Since there are no further possibilities, the proof is complete. 

Statement 2.c.: {St, Sj}+ = 0, for each pair(i, j). 

Proof: The proof goes similarly as in the case with creation operators. Again 
we treat several possibilities, bt and bj have a nilpotent factor (or more than one) 

ki kl ki 

with the same indices, say (—). Then the product of such two (—)(—) gives zero. 

Im ij 03 

It also happens, that Si has a nilpotent at the place (ij) (• ■ ■ [—] • • ■ (—) • • • [—]) 

Im ij 03 

while bj has a nilpotent at the place (Im) (• • • (—) [—]). Then in the term 

ij ij 

SiSj the product (—)[—] makes the term equal to zero, while in the term SjSi the 

Im Im 

product (—)[—] makes the term equal to zero. In the case that d = 4m, it appears 
^ d-1 d ij 03 ^ d-1 d ij 03 ^ ^ 

that Si = [+] • • • (—) • • • [—] and Sj = (+) • • • [—] • • • [—]. Then in the term SiSj 

ij ij d-1 dd-l d 

the factor (—)[—] makes it zero, while in SjSi the factor (+) [+] makes it zero. 

The proof is thus complete. 

Statement 3.a.: >— Sy. 

We must recognize that Si = SiS®^..S“'’ and S| = S“’^..S®^Si. Since any 
Silil^o >= 0 (Statement 2.a.), we only have to treat the term SiS-. We find SiS- cx 
Im 03 03 Im 

... (_) ... (+) ••• (+) •••. If we treat the term SiSt, 

generators • • • SP’’ are proportional to a number and we normalize 

< ilio|SiSt|ilio > to one. 

When • • • Sp^ are proportional to several products of these 

kl np 

generators change S] into (+) • • • [—] • • • [—] • • •, making the product Si, S! equal 

kl kl 

to zero, due to factors of the t 5 q)e (—)[—]. In the case of d = 4m also a factor 

d-1 dd-l d 

[+] (—) might occur, which also gives zero. And the proof is completed. 

We proved accordingly that for the definition of the creation and annihila¬ 
tion operators in Eqs. <7.13l7.14> all the requirements of Eq. (l7.12> are fulfilled. This 
could only be achieved for an odd Clifford character (which means an odd num¬ 
ber of nilpotents) of creation and annihilation operators. Eor an even number of 
factors of a nilpotent type in the starting state and accordingly in the starting S^, 
an annihilation operator St would appear with all factors of the type [—], which 
on the vacuum state IEq. <7.16H of an even Clifford character would not give zero. 

We treated up to now only the internal space of spins (which also could de¬ 
termine the charges |i^). Spinor states, however, have also a part, originating in 
the coordinate space. This means that basic vectors have additional index, and so 




70 


N.S. Mankoc Borstnik and H. B. Nielsen 


must have creation and annihilation operators 

>= S“'f|rl)o >: = |cp“ > S||rl)o > 


(7.18) 


which in the coordinate representation reads 


< >=< x|6f |rl;o >: = < x|(p“ > S||r|;o > . (7.19) 


If we orthonormalize functions |(p“ > (J d‘^x < cp“|x >< x|cpP >= 6“P), we can 
generalize F,q. <7.1 2> to 



{6^^efn+l^^o> = o, 

{ef,Sf}+|rl;o> = 0, 


e“t|^o >^o, 

Sf Irl^o > = 0. 


(7.20) 


7.4 Conclusion 

In this contribution we have defined creation and annihilation operators for spinors 
in d—dimensional space in terms of factors of the Clifford algebra objects: nilpo- 
tents and projectors - "eigen vectors" of the Cartan sub algebra of the group 
SO(c|, d — q) - for a particular choice of the basis for one Weyl spinor represen¬ 
tation. We let the creation and armihilation operators to include the part, deter¬ 
mining (when operating on a vacuum state), which the spinor properties in the 
coordinate space. We proved that the creation and armihilation operators fulfil 
all the requirements, which fermionic creation and armihilation operators must. 
Transformations into any other basis is straightforward. 

The proposed presentation of creation and annihilation operators may help 
to clarify the nature of spinor-t5q)e objects. Since the charges of a spinor might 
follow from the spinor part, belonging to more than (1 -1- 3)—dimensional space, 
our way of defining the creation and armihilation operators would accordingly 
describe all the internal degrees of spinors - spins and charges. 
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8 Are there Interesting Problems That Could 
Increase Understanding of Physics and Mathematics? 

R. Mirman * 

14U 

155 E 34 Street 
New York, NY 10016 

Abstract. Recent developments in physics and mathematics, including group theory and 
fundamental physics, suggest problems which might provide leads into useful explo¬ 
rations of both physics and mathematics. 

8.1 Can infinite dimension lead to dimension 3-1-1? 

Suppose the dimension of space is infinite and the universe evolves in some way 
to bring it down to 3-1-1, the only one in which physics is possible (f3)|, chap. 7, 
p. 122; HQI). Consider the following problem. Conformal groups exist in every 
dimension. These have inhomogeneous generators (including at least — or only? 
— one time translation, the Hamiltonian in 3-1-1 space) which produce complex 
solutions. Because of transversions they contain nonlinearities, as with general 
relativity. This is exactly the same as for 3-1-1 space. Yet, by the argument for the di¬ 
mension, transformations acting on these must give inconsistencies. Why is there 
a difference for 3-1-1 space? Don't the same arguments go through? This might 
provide hints of how to break an infinite-dimensional space down to 3-1-1. If so 
it could be quite useful ((Zl. One possibility is that these extra dimensions can 
appear as internal symmetries. Is this mathematically possible? Is it physically 
possible? 

8.2 Group theory, geometry, particle physics 

Physical objects must be representations of the Poincare group (0|). This has two 
invariants. For spin-1/2, and that only, these two equations can be replaced by 
a single one, Dirac's equation. Interactions, properly, should be put in the mo¬ 
mentum operators, and thus into the invariants. The electromagnetic interaction 
however can be put into Dirac's equation. Is this true for all interactions? Would 
they be different if put into the equation than into the momentum operators? 
Could this place restrictions on them? In n dimensions what is the generalization 
of the Poincare group? How many invariants does it have? Can these ever be 

* E-mail:sssbb@cunyvm.cuny.edu 
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replaced by a single equation, equivalent to Dirac's equation? Are there restric¬ 
tions on interactions in general spaces? Interactions are nonlinearities. Thus the 
group generators (equivalent to the angular momentum operators for the rotation 
group) are nonlinear, that is the operators themselves are functions of fhe solu¬ 
tions of the equations that they give, as with gravitation. But nonlinearities may 
be limited since the generators must obey the commutation relations. That could 
pick out certain forms of interactions as the only ones allowable. More specula¬ 
tively they might put conditions on coupling constants. How is the generalization 
of the Poincare group embedded in the generalization of fhe conformal group for 
these spaces? Can it be or is dimension 3-1-1 unique in this way also? Might such 
embedding, if possible, give extra generators that can be interpreted as internal 
symmetry ones? Might it put conditions like those on interactions if any, includ¬ 
ing coupling constants? 

Can some property of (generalized?) geometry be found that gives internal 
symmetry? Why should SU(3), or is it su(3), arise? Is it the group or the alge¬ 
bra that is relevant? Has experiment shown which is correct? Long ago attempts 
were made to explain elementary particles in terms of representations of su(6). 
With the present knowledge of particle physics does this make sense? Does it fit 
experimental values? Can it be done? How can su(6), consisting of infernal su(3) 
and spin su(2), be interpreted? Can it be ([i7|, sec. IV.3.b.i, p. 199)? Might it lead 
anywhere? 

8.3 Physics of elementary particles 

It is an old problem to unify interactions. What does this mean? In particular there 
are two massless objects, electromagnetism and gravitation. Can they be cast into 
forms fhat make them seem more similar? Might they both be (massless?) repre¬ 
sentations of some larger group (perhaps a generalized conformal group)? Their 
interactions are very different. For one the coupling constant is a pure number, for 
the other it is not. What is a reasonable mass scale that can be used to make the 
gravitational coupling constant into a pure number? For what mass would the 
two pure numbers for these interactions be equal? Does that mass have physical 
significance? Is if relafed to a (known) object? These question can also be asked 
for the other interactions ([7j, sec. I.Z.b.ii, p. 59; sec. IV.3.d, p. 206). 

Why are there both baryons and leptons? One possible way of looking at 
this is that leptons are unaffected by strong interactions — they are neutral un¬ 
der these. Why? As an example perhaps providing clues consider electromag¬ 
netism. Particles that can be gauge transformed are charged (giving minimal cou¬ 
pling (|i4||, sec. 4.2, p. 57). Buf not all can be. These are neutral. For leptons half the 
particles can, half cannot, perhaps interestingly. A clue might be found looking af 
pions and nucleons. Here in one isospin multiplet are particles that can, and ones 
that carmot, be gauge transformed (and for pions transformed oppositely). Thus 
the isospin operator not only changes the isospin “z" value, but also turns gauge 
transformability on and off. Whaf is the form of such an operator? How can it be 
included in the set of group operators? Might the argument that the proton can't 
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decay ((7!|/ sec. IV-4, p. 212; ini ') suggest ways of looking at interactions of leptons 
that can be used to analyze these questions? 

It is interesting that while hadrons are labeled by states of group represen¬ 
tations this does not seem true of leptons. Yet these also come in pairs, some¬ 
thing like the neutron and proton but with mass differences far greater. And they 
are similar in their family structure. Is it possible to find a set of algebra labels, 
or an algebra whose representations give such labels, that include both hadrons 
and leptons, likely in different representations, but both having the same fam¬ 
ily structure and with leptons in pairs? Might there be a group with that Lie al¬ 
gebra? What would its additional, beyond that of the algebra, significance be? 
The electromagnetic interaction breaks isospin and SU(3), but in a definite way. 
It "knows" about these groups, although is not invariant under them. Does the 
weak interaction also have "knowledge" of these groups, although perhaps that 
is better hidden? Might it be possible to choose linear combinations of hadron 
and lepton states so that they also are labeled by algebra (or group) representa¬ 
tion states such that the weak interaction breaks the symmetry in a definite way? 
Thus leptons would be brought into a generalization of SU(3). In that sense all 
particles would then be unified, except massless ones. How would they fit in? 

Why is symmetry broken? One reason might be incompatibility of decom¬ 
positions. If, for example, SU(6) were physically relevant we would have to take 
the noncanonical decomposition, since its states belong to SU(3) and SU(2). Were 
we to assume that there is an inhomogeneous SU(6), ISU(6) — the "momenta" 
forming a representation (not necessarily the adjoint or defining representations) 
might be decomposed differently from the simple part, perhaps canonically. Tak¬ 
ing one of these as the Hamiltonian we might get it transforming as a basis vector 
of a nonscalar representation, thus breaking the symmetry, as does electromag¬ 
netism. These give interesting mathematical questions, some perhaps relevant to 
physics. 

The mass level formula ([(7|, app. B, p. 246) for the elementary particles clearly 
holds, but is quite mysterious. In particular it holds for charged particles, less 
so for neutral ones (just the opposite of what is expected). And it involves the 
fine-structure constant a. Can a model be developed to give such a formula? Is it 
compatible with the quark model, or does it show that the quark model is wrong? 
This plus the GMO formula gives two for particle masses. Why should there be 
two? How can they be reconciled? Does this place restrictions on allowable mass 
values? It clearly offers clues as to the underlying theory of elementary particles. 
But while this is clear it is completely unclear what these clues are. Or is it? 

Geometry, especially through its transformations, expressed by group theory, 
determines much about physics: the dimension, the allowed angular momentum 
values, the spin-statistics theorem (|5ij, chap. 8, p. 146), the nature of electromag¬ 
netism and gravitation (^; iQj), the meaning of gauge transformations, the im¬ 
possibility of classical physics (f3|) and the need, and nature of, quantum mechan¬ 
ics (0), the reason for interactions, for example. How far can this be pushed? Gan 
geometry give all fundamental laws of physics? How much information does the 
conformal group, the largest invariance group of geometry (of 3+1 flat space), 
give? Can it be extended to furnish further information, to place further restric- 
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tions on physics? Are there larger relevant groups? Are there reasons for the be¬ 
havior of massive objects, as there are for massless ones (|il|)? How much of the 
laws of physics come from geometry? All? 

8.4 Gravity 

It is well-known that general relativity must be the theory of gravitation, thus the 
quantum theory of gravity (|i3)|, chap. 11, p. 183; f^l)- It is thus determined (but 
not the coupling constant — or is it two (0|, sec. 9.3.4, p. 161)?) except for the 
function of the mass it couples to. This is the energy-momentum tensor. But what 
is this? There are strong arguments for its forms (|'4|, sec. 9.2, p. 153). However 
it is not clear that it must have these forms. Or is it? In particular powers of the 
massive statefunctions (which are the vectors used in the derivation of general 
relativity) might be possible (as well as powers of the energy-momentum ten¬ 
sor). This could require new coupling constants. Or is there something wrong 
with that? Extra coupling constants can be introduced allowing more freedom, 
perhaps? Are there arguments that rule these possibilities out so uniquely deter¬ 
mine the function of matter that gravity couples to? Presumably the function that 
the electromagnetic potential couples to is completely determined (by minimal 
coupling (0, sec. 5.3.1, p. 81). 

The theory of gravity is found by considering its effects on tensors, as shown 
in all books on relativity. These tensors are of course statefunctions ((4l, sec. 4.2.7, 
p. 61). This raises the question of whether gravity can act on, and be acted on by, 
scalar particles like the pion and kaon. This has never been experimentally tested. 
Can it be? Might these move freely in a gravitational field? Might the mass that 
produces a field not include the masses of these? It is clear that the standard 
derivation of the equations of gravity does not apply to these. How can they be 
fitted into the formalism, or can they? Must they? 

Massless Poincare transformations give arbitrary functions of space (gauge 
transformations (|4|, sec. 3.4, p. 43)) requiring that gravitation be nonlinear and 
that the electromagnetic potential be coupled to matter, and with minimal cou¬ 
pling. The reasons for these interactions and self-interactions are thus clear. Can 
these be extended to limit the interaction of gravity with massive matter? Can the 
interactions of massive objects (like protons and pions) be similarly explained? 
The conformal group also includes arbitrary space-dependent transformations 
(transversions). In a sense it thus also seems to lead to interactions. But there is 
no obvious cormection to real interactions. Can it be used to explain the actual 
physical interactions? What information does it give about them? 

8.5 Understanding quantum mechanics 

The uncertainty principle refers to distributions, giving the spread of one in terms 
of that of its conjugate one (|l5|, sec. III.2.h, p. 112). This is how it is derived. Yet 
it is often applied to a single experiment. Is this ever correct? Can it be? Can 
its application to some single experiments be shown to follow from its (correct) 
application to distributions? 
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8.6 Group theory 

For the conformal group the number of commuting operators is greater than for 
SO(6) and SU(4), the complex forms of the algebras that are isomorphic to that 
of the conformal group (but realized differently). For general spaces how do the 
number of commuting operators compare? Is dimension 3+1 special in this re¬ 
gard? 

Might noncanonical decompositions be relevant? The usual way of labeling 
states is with a canonical decomposition Thus for SU(6) the states are la¬ 

beled by their SU(5) group representations, giving SU(6) D SU(5) x U(l), with 
SU(5) states labeled by their SU(4) representations, so SU(6) D SU(4) x U(l) x 
U(l) and so on. But we can also use SU(6) D SU(3) x SU(2), with this (say) the 
internal symmetry and spin groups, plus other labels since these representations 
occur several times in an SU(6) one. These give different spectra, some of which 
mighf be relevant. For larger groups there is even more, say with some subgroups 
labeled canonically, others noncanonically giving many choices so a great vari¬ 
ety of specfra. This is relevant to the intermediate boson model of nuclei. Might 
it be relevant to elementary particles? Are there other areas in which it might be 
relevant? 

Orthogonal (rotation) groups are defined as fhose keeping lengfhs and an¬ 
gles of real lines constant. These can have complex parameters, not only real 
angles, giving complex orthogonal groups CO(n,m), in particular the complex 
Lorentz group CO(3,l) (p3)|, sec. 7.2, p. 124). It is relevant to proving the TCP 
theorem, and also finding the dimension. These have not been characterized, es¬ 
pecially their representations. But they might have important applications. For 
example they are relevant to the analytic continuation of representafions, uniting 
the representations of 0(n,m), m+n = r, for all n and m, fhat is all fhe real exten¬ 
sions of a single complex group. It is interesting to wonder whether finite groups, 
like space groups (|5|, chap. Ill, p. 132) can be embedded in them, thus uniting 
into one larger (continuous) group space groups (and of differenf space dimen¬ 
sions). Their representafions could be relevant to, for example, crystallography. 
Also they could be relevant to particle physics. They are likely to be relevant 
to nuclear physics, especially intermediate boson type models. ICO(n,m) groups 
might also be explored, with the Poincare group as a subgroup, and perhaps the 
conformal group can also be in some way. The quesfion of exfending fhe confor¬ 
mal group fo one with complex parameters might be looked at. 

For the rotation group generators there is an internal part, giving spin. This 
then must also be true for fhe Lorenfz group. Whaf is the (physical) meaning of 
the additional generators? The largest invariance group of space is fhe conformal 
group. Internal parts can also be added to its generators ([7^, sec. Ill.l.e, p. 115). 
What (physical) meaning might they have? 

In considering these questions it is essential to realize the richness of group 
theory, which is not at all recognized. The form of representation states (usually 
the physical objects) depends in fundamental ways on how operators are real¬ 
ized (0, sec. V.3.C, p. 157), that is which variables they are functions of. We are 
mosfly familiar with semisimple (especially compact) groups, realized only one 
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way. This much restricts our thinking. The Lorentz group has several different re¬ 
alizations, that have been given (|7l| app. A, p. 223), and perhaps there are more. 
Its representations and states have quite different forms for these realizations. 
The number of commuting generators (labeling operators) depends not only on 
the realization but also on which are chosen diagonal. Thus ISO(2), the inhomo¬ 
geneous rotation group on two dimensions has either one commuting generator, 
Lz, if that is chosen diagonal, or two, the momenta, if those are chosen. The con¬ 
formal group, abstractly isomorphic to SO(6) and to SU(4), the transformation 
groups on 6 real coordinates and 4 complex ones, has its algebra realized over 4 
real dimensions (these are functions of 4 real coordinates) (El, sec.in.5.b,p. 162). 
These then give nonlinear generators (transversions) and 4 commuting operators 
(momenta), although SO(6) and SU(4) have 3, when realized over their defining 
spaces (El, sec. XIV.l.c, p. 404). That is why the conformal group can contain the 
Poincare group as a subgroup. Even SU(2) can be realized this way, with a nonlin¬ 
ear (transversion) generator and a momentum one (17|, sec. III.3, p. 120). This is 
true in general, with greater richness for larger groups (even mixed realizations, 
with the variables on which the generators depend possibly different for different 
generators, so different choices of the number of labels). Even the most elemen¬ 
tary groups are richer than generally known. But this should be known. Inho¬ 
mogeneous groups, like the Poincare group, add richness. Por example consider 
the inhomogeneous ISO(6) group. Suppose that it was realized over a space of 4 
real dimensions (an inhomogeneous conformal group). Can it be? There would 
then be a large choice of diagonal generators (labeling operators). What would 
the representations be like? These groups, like the conformal group and its in¬ 
homogeneous generalizations (there are an infinite number since the momenta 
can form any representation of the homogeneous part), can have internal genera¬ 
tors (El sec. Ill.l.e, p. 115), allowing more types of representations and states. We 
can also consider groups (and algebras?) with nonsymmorphic transformations 
(glide translations and screw rotations (|5il, sec. III.4, p. 141), and perhaps general¬ 
izations if for example the transformations of the conformal group can be used to 
generalize these). It might be possible to have "internal spaces" (like SU(3)?) with 
these. Might they have different, additional, more complicated, spectra? Could 
some correspond to particle states? Eurther we can consider topology. For inho¬ 
mogeneous groups, even for ISO(2), rotations in 2-dimensions (or equivalently 
inhomogeneous unitary groups), we assume that the transformations are in a 
plane, giving for the states expressions of the form exp(ikx). But suppose instead 
of a plane we represent the group over a cylinder, a saddle, a torus, if possible, 
or generalizations for higher dimensions. What would the states be like? Sup¬ 
pose we cut the cylinder along a line. That would make variables like k discrete. 
We can now continue to larger dimensions, giving representations over hyper¬ 
spheres, Klein bottles, h 5 rperbolic spaces, ones with several holes and so on. It is 
not clear which, if any, could have physical significance, but there is reason to 
believe extra richness is needed (as it certainly is if such groups can explain el¬ 
ementary particles), and these are ways of getting it. They will almost certainly 
give interesting special functions and undoubtedly much interesting mathemat- 
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ics. These are among the problems worth considering, and in addition they may 
lead somewhere (physically!). 

8.7 Conclusions 

Group theory and geometry suggest many problems in pure mathematics and 
fundamental physics. There are many other fundamental questions, including 
ones on cosmology, astrophysics and particle physics, that are raised elsewhere (fSlj 
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Abstract. Adopting noncommutative spacetime coordinates, we determined a new solu¬ 
tion of Einstein equations for a static, spherically symmetric matter source. The limitations 
of the conventional Schwarzschild solution, due to curvature singularities, are overcome. 
As a result, the line element is endowed of a regular DeSitter core at the origin and of two 
horizons even in the considered case of electrically neutral, nonrotating matter. Regarding 
the Hawking evaporation process, the intriguing new feature is that the black hole is al¬ 
lowed to reach only a finite maximum temperature, before cooling down to an absolute zero 
extremal state. As a consequence the quantum back reaction is negligible. 


9.1 Introduction 

In spite of decades of efforts, a complete and satisfactory quantum theory of 
Gravity does not yet exist. Thus a great interest has arisen towards the class of 
model theories able to reproduce quantum gravitational effects, at least in some 
limit. Quantum Field Theory on a noncommutative manifold or shortly Noncom¬ 
mutative Field Theory (NFT) belongs to such class of model theories. Indeed we 
retained NFT the low energy limit of String Theory, which is the most promising 
candidate to be the quantum theory of Gravity. 

The starting point of the NFT is the adoption of a noncommutative geometry, 
namely a manifold whose coordinates may fail to commute in analogy to the con¬ 
ventional noncommutativity among conjugate variables in quantum mechanics 

i,j = 1,...,n (9.1) 

with 0’^^ an antisymmetric (constant) tensor of dimension ( length )^. Eq. I9.1i 
provides an uncertainty in any measurement of the position of a point on the 
noncommutative manifold. Indeed we cannot speak of point anymore but rather 
of delocalized positions according to the noncommutative uncertainty. The phys¬ 
ical motivation for assuming a noncommutative geometry relies on the bad short 
distance behavior of field theories, gravitation included. In fact this is a typical 
feature of theories dealing with point like objects, a problem that has not been 
completely solved by String Theory too. NFT could provide the solution, since 
a noncommutative manifold is endowed of a natural cut off due to the position 
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uncertainty. This aspect is in agreement with the long held belief that spacetime 
must change its nature at distances comparable to the Planck scale. Quantum 
Gravity has an uncertainty principle which prevents one from measuring posi¬ 
tions to better accuracies than the Planck length, indeed the shortest physically 
meaningful length. In spite of this promising programme and the issue of a sem¬ 
inal paper dated in the early times |T|, the interest towards NFT is rather recent. 
Indeed a significant push forward was given only when, in the context of String 
Theory, it has been shown that target spacetime coordinates become noncommut¬ 
ing operators on a D-brane [21. This feature promoted the interpretation of NFT, 
among the class of nonlocal field theories 0, as the low energy limit of the theory 
of open strings. 

The inclusion of noncommutativity in field theory in flat space is the sub¬ 
ject of a large literature. On the contrary, the purpose of the paper is to introduce 
noncommutativity effects in the gravitational field, with the hope that noncom¬ 
mutativity could solve the long dated problems of curvature singularities in Gen¬ 
eral Relativity. This investigation is motivated by some mysterious feature of the 
physics of quantum black holes. Indeed the interest towards their complete un¬ 
derstanding have been increasing since the remarkable Hawking discovery about 
the possibility for them to emit radiation [41 . The general formalism employed is 
known as quantum field theory in curved space ^1. Such a formalism provides, 
in terms of a quantum stress tensor (T^^) ||5ij, a satisfactory description of black 
holes evaporation rmtil the graviton density is small with respect to matter field 
quanta density. In other words quantum geometrical effects have to be retained 
negligible, a condition that is no more valid in the terminal stage of the evapo¬ 
ration. The application of noncommutativity to gravity could provide, in an ef¬ 
fective way, the still missing description of black holes in those extreme regimes, 
where stringy effects are considered relevant li7|. 

9.2 Noncommutative field theory models 

There exist many formulations of NFT, based on different ways of implementing 
non local deformations in field theories, starting from The most popular ap¬ 
proach is founded on the replacement of the point-wise multiplication of fields 
in the Lagrangianby a non-local Weyl-Wigner-Moyal *-product |8l|. In spite of its 
mathematical exactitude, the *-product NFT suffers non trivial limitations. The 
Feynman rules, obtained directly from the classical action, lead to unchanged 
propagators, while the only modifications, concerning vertex contributions, are 
responsible of the non-unitarity of the theory and of UV/IR mixing. In other 
words UV divergences are not cured but accompanied by surprisingly emerg¬ 
ing IR ones. While unitariety can be restored, the restriction of noncommutative 
corrections only to interaction terms is a non intuitive feature, which appears in 
alternative formulations too [Jl . 

Against this background, the coordinate coherent states approach, based on 
an oscillator representation of noncommutative spacetime, leads to a UV finite, 
unitary and Lorentz invariant field theory (TOl . The starting point of this formu- 
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lation is to promote the relation <9.H to an equation between Lorentz tensors 

p,(9.2) 

Thus now an antisymmetric Lorentz tensor, can be represented in terms of a 
block diagonal form 

0^'^ = diag (§i,§ 2 ,...,@n/ 2 ) p,-v = 0,...,n (9.3) 

where 0i = 0i ^ ^ ^. In case of odd dimensional manifold fhe lasf term on the 

diagonal is zero. In other words, for the covariance of <9.2> we provide a foliation 
of spacetime info noncommufative planes, defined by <9.3> . There is a condition 
to be satisfied: field fheory Lorenfz invariance and unifarify implies fhat non- 
commutafivify does not privilege any of such planes, namely there is a rmique 
noncommutative parameter 0i = 02 = ... 0 n /2 = 0- 

The other key ingredient of fhis approach is fhe interpretation of conven¬ 
tional coordinates as mean values of coordinafe operators subject to <9.H . to take 
into account the quantum geometrical fluctuations of fhe spacetime manifold. 
Mean values are calculafed over coherenf sfates, which resulfs eigenstafes of lad¬ 
der operafor, built with noncommutative coordinates only. In the absence of com¬ 
mon eigenstafes, the choice of coherenf sfates is motivated by the fact that they 
result the states of minimal uncerfainty and provide fhe best resolution of the po¬ 
sition over a noncommutative manifold. In other words, the effective outcome is 
the loose of the concept of poinf in favor of smeared position on the manifold. At 
actual level, the delocalization of fields is realized by deforming the source term 
of fheir equations of motion, namely substituting Dirac delta distribution (local 
source) with Gaussian distribution (nonlocal source) of width >/0. As a result, the 
ultraviolet behavior of classical and quantum fields is cured 1111 . 

9.3 The noncommutative black hole 

To provide a black hole description by means of a noncommufative manifold, one 
should know how to deal with the corresponding gravity field equations. Fortu¬ 
nately, this nontrivial problem can be circumvented by a noncommutative defor¬ 
mation of only fhe matter source term, leaving unchanged the Einstein tensor. 
This procedure, already followed in (1 -|-1) dimensions |12,j and (3 -|-1) linearized 
General Relativity ITSl . is in agreement with the general prescription to obtain 
nonlocal field theories from noncommutativity ITOl . This line of reasoning is sup¬ 
ported by the following motivations. Noncommutativity is an intrinsic property 
of a manifold and affecfs mafter and energy disfribufion, by smearing poinf-like 
objects, also in the absence of curvature. On the other hand, the metric is a geo¬ 
metrical device defined over the underlying manifold, while curvature measure 
the metric intensity, as a response to the presence of mass and energy distribu¬ 
tion. Being the energy-momentum tensor the tool which gives the information 
about the mass and energy distribution, we conclude that, in General Relativity, 
noncommutativity can be taken into account by keeping the standard form of 
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the Einstein tensor in the l.h.s. of the field equations and introducing a modified 
source term in the r.h.s.. 

Therefore we assume, as mass density of the noncommutative delocalized 
particle, the Gaussian function of minimal width 

Pe (^= ,, ^'3/2 V40) (9.4) 

[ 4710 J 


Thus the particle mass M is diffused throughout a region of linear size taking 
into account the intrinsic uncertainty encoded in the coordinate commutator (19.2> . 
The distribution function pe (x) is static, spherically symmetric and exponen¬ 
tially vanishing at distances r >> ^/B. In this limit Pe (x) reproduces point-like 
sources and leads to the conventional Schwarzschild solution. On these grounds, 
we are looking for a static, spherically symmetric, asymptotically Schwarzschild 
solution of Einstein equations with T q = pe (x) as source . There are two fur¬ 
ther conditions to be taken: the covariant conservation of the energy-momentum 
tensor T^'^ = 0 and goo = to preserve a Schwarzschild-like property. 

Therefore the solution of Einstein equations is^: 


ds^ = 1 - 


4M 

r^/n 


y dt" - 1 - 


4M 


Y 


dr'^ — 


(9.5) 


where y = y (3/2 ,t^/ 40) = dtt^^^e^^ is the lower incomplete Gamma 

function. This line element describes the geometry of a noncommutative black 
hole and should give us useful insights about possible noncommutative effects 
on Hawking radiation. Let's start our analysis from the presence of eventual 
event horizons. Since in our case, the equation goo ( th ) =0 carmot be solved 
in closed form, one can numerically determine their radius by plotting goo- Fig¬ 
ure I9.1i shows that noncommutativity introduces a new behavior with respect 
to standard Schwarzschild black hole. Instead of a single event horizon, there are 
different possibilities: (a) two distinct horizons for M > Mo (yellow curve); (b) 
one degenerate horizon in to = 3.0 x -\/0, with M = Mo = 1.9 x ['/Q)/G cor¬ 
responding to cyan extremal black hole (cyan curve); (c) no horizon for M < Mq 
( violet curve). In view of these results, there can be no black hole if the original 
mass is less than the minimal mass Mq. Eurthermore, contrary to the usual case, 
there can be two horizons for large masses. By increasing M, i.e. for M >> Mo, the 
inner horizon shrinks to zero, while the outer one approaches the Schwarzschild 
value Th = 2M. 

Eor what concerns the covariant conservation of T*^^, one finds that such 
requirement leads to 

T ®0 = dr (rVv ) = -Pe (r) - r d^Pe (r). (9.6) 

The emerging picture is that of a self-gravitating, droplet of anisotropic fluid of den¬ 
sity Pe, radial pressure Pr = —Pe and tangential pressure p_L = —pe — r drPe ( t ). 
We are not dealing with a massive, structure-less point. Thus results reasonable 

^ We use convenient units G n = 1, c = 1 . 
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Fig. 9.1. vs r, for various values of M/VQ. Intercepts on the horizontal axis give radii 
of the event horizons. M = -\/0, ( cyan curve ) no horizon; M = 1.9 Vq, (yellow curve) 
one degenerate horizon to « 3.0 y/Q, extremal black hole; M. = 3 VQ (magenta curve) two 
horizons. 


that a non-vanishing radial pressure balances the inward gravitational pull, pre¬ 
venting the droplet to collapse into a matter point. This is the basic physical ef¬ 
fect on matter caused by spacetime noncommutativity and the origin of all new 
physics at distance scale of order Regarding the physical interpretation of 
the pressure, we underline that it does not correspond to the inward pressure of 
outer layers of matter on the core of a “star", but to a totally different quantity 
of "quantum" nature. It is the outward push, which is conventionally defined 
to be negative, induced by noncommuting coordinate quantum fluctuations. In 
a simplified picture, such a quantum pressure is the relative of the cosmological 
constant in DeSitter universe. As a consistency check of this interpretation we 
are going to show that line element (19.5t is well described near the origin by a 
DeSitter geometry. 

Let us now consider the black hole temperature Th = ( ^ ) : 


Th 


1 

47TrH 


rfj e ^H/4e 
4 03/2 Y(3/2;r2/40) 


(9.7) 


For large black holes, i.e. r^/40 » 1, one recovers the standard result for the 
Hawking temperature Th = initial state of radiation the black hole 

temperature increases while the horizon radius is decreasing. It is crucial to in¬ 
vestigate what happens as th —> VQ- In the standard ( commutative ) case Th 
diverges and this puts limit on the validity of the conventional description of 
Hawking radiation. Against this scenario, temperature i9.7\ includes noncom¬ 
mutative effects which are relevant at distances comparable to v^. Behavior of 
the temperature Th as a function of the horizon radius is plotted in Fig. (l9.2> . In 
the region rn — VQ, Th deviates from the standard hyperbola. Instead of explod- 
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Fig. 9.2. Plot of Th vs Th, in ^/d units, yellow curve is the plot of 19.7> : Th = 0 for rn = Tq = 
3.O\/0,i-e. for the extremal black hole, while the maximum temperature Th ^ 0.015 x ^/^/6 
corresponds to a mass M ~ 2.4 x '/Q. For comparison, we plotted in yellow the standard 
Hawking temperature. The two temperatures coincide for rn > 6Ve. 


ing with shrinking Th, Th reaches a maximum in rn — 4.7-\/0 corresponding to 
a mass M 2.4-\/0 /Gn, then quickly drops to zero for th = tq = S.OVO cor¬ 
responding to the radius of the extremal black hole in figure <9.1> . In fhe region 
r < ro there is no black hole and the corresponding temperature carmot be de¬ 
fined. As a summary of the results, the emerging picture of non commutafive 
black hole is fhat for M >> Mo the temperature is given by the Hawking tem¬ 
perature with negligibly small exponential corrections, and increases, as the 
mass is radiated away. Th reaches a maximum value at M = 2.4 and then 
drops as M approaches Mq. When M = Mq, Th = 0, event horizon is degenerate, 
and we are left with a "frozen" extremal black hole. 

At this point, important issue of Hawking radiafion back-reacfion should be 
discussed. In commutafive case one expects relevant back-reaction effects during 
the terminal stage of evaporation because of huge increase of temperature I6I14I . 
As it has been shown, the role of noncommutativity is to cool down the black 
hole in the final stage. As a consequence, there is a suppression of quantum back- 
reaction since the black hole emits less and less energy. Eventually, back-reaction 
may be important during the maximum temperature phase. In order to estimate 
its importance in this region, let us look at the thermal energy E=Th~ 0.015/^0 
and the total mass M ~ 2.4 Mp^. In order to have significant back-reaction 
effect T^^’^ should be of fhe same order of magnitude as M. This condition leads 
to the estimate ~ 0.2 Ipi. ~ cm. Expected values of are well above 
the Planck length Ipi , while the back-reaction effects are suppressed even if « 
10 Ipi. and T^^’^ « 1 O' ® GeV. Eor this reason we can safely use unmodified form 
of the metric i9.5t during all the evaporation process. 

Einally, we would like to clarify what happens if the starting object has mass 
smaller than Mq, with particular attention to the eventual presence of a naked 
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singularity. To this purpose we are going to study the curvature scalar near r = 0. 
The short distance behavior of R is given by 

4M 

For r << VQ the curvature is actually constant and positive. Thus, an eventual 
naked singularity is replaced by a DeSitter, regular geometry around the origin. 
Earlier attempts to avoid the curvature singularity at the origin of Schwarzschild 
metric have been made by matching DeSitter and Schwarzschild geometries both 
along time-like fTSl . and space-like matter shells IT^ . or constructing regular 
black hole geometries by-hand 1171 or continuosly deforming dilaton 2d models 
ilSl . In our approach, it is noncommutativity that induces a smooth and continu¬ 
ous transition between the two geometries. 

9.4 Concluding remarks 

The above results show that the coordinate coherent state approach to noncom¬ 
mutative effects can cure the singularity problems at the terminal stage of black 
hole evaporation. 

In particular we have shown that noncommutativity, being an intrinsic prop¬ 
erty of the manifold itself, can be introduced in General Relativity by modifying 
the matter source. The Energy-momentum required for this description is of form 
of the ideal fluid, although a non-trivial pressure is invoked. In spite of compli¬ 
cated equation of state it can be studied in the regions of interest and new black 
hole behavior is discovered in the region r ~ '/Q. Specifically, we have shown that 
there is a minimal mass Mq = 1.9 to which a black hole can decay through 
Hawking radiation. The reason why it does not end up into a naked singular¬ 
ity is due to the finiteness of the curvature at the origin. The everywhere regu¬ 
lar geometry and the residual mass Mq are both manifestations of the Gaussian 
delocalization of the source in the noncommutative spacetime. On the thermody¬ 
namic side, the same kind of regularization takes place eliminating the divergent 
behavior of Hawking temperature. As a consequence there is a maximum tem¬ 
perature that the black hole can reach before cooling down to absolute zero. As 
already anticipated in the introduction, noncommutativity regularizes divergent 
quantities in the final stage of black hole evaporation in the same way it cured 
UV infinities in noncommutative quantum field theory. We have also estimated 
that back-reaction does not modify the original metric in a significant manner. 
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H.B. Nielsen^ and M. Ninomiya^** 

' Niels Bohr Institute, Blegdamsvej 17, Copenhagen, Denmark 
^ Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan 

Abstract. If a macroscopic (random) classical sysfem is put into a random state in phase 
space, it will of course the most likely have an almost maximal entropy according to second 
law of thermodynamics. We will show, however, the following theorem: If it is enforced to 
be periodic with a given period T in advance, the distribution of the entropy for the other¬ 
wise random state will be much more smoothed out, and the entropy could be very likely 
much smaller than the maximal one. Even quantum mechanically we can understand that 
such a lower than maximal entropy is likely. A corollary turns out to be that the entropy 
in such closed time-like loop worlds remain constant. 

10.1 Introduction 

In the present article we shall study a world or a (classical) mechanical system sit¬ 
uated on a closed time-like loop, or we can simply consider a model of a rmiverse 
intrinsically periodic. This is a study that can be considered a simple exercise 
playing with ideas that could be of relevance for making a (speculative) model 
behind the second law of thermod 5 mamics dlSlEIEII'H- 

One problem with combining the second law with time reversal symmetry, 
even if we hope for global features making S > 0 in some era, is that then there 
is nothing prevent that in an other era - it is at least logically possible - we then 
have S < 0. That in turn means that there are some restrictions known not only 
about the past but also about the future. Such rules about the future will function 
in a sense as time machine B- 

At least we can defend that there is the possibility of "time machine effects" 
in a model with such regularities about the future - regularities known from a 
mysterious, presumably not valid law of nature - in the sense that one could 
obtain what we should accept as messages from the future. We could ask: Why is 
it that we normally do not get messages from the future ? 

Indeed the point is that a tiny amount of information from or about the past 
can allow us to make great deductions about the past because the past, which 
had low entropy, is very ordered. So from a little knowledge we can deduce a 
lot. Concerning the future on the other hand we carmot analogously trust the 
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0015, Japan. 




10 Compactified Time and Likely Entropy ... 


89 


regularities. So even if we know a tiny amount of photons, say to develop into the 
future we cannot count on that they shall be involved with matter. They can just 
remain all through the future without getting associated with any other matters in 
the future. We cannot get messages from fhe fufure because we normally cannot 
conclude by use of regularity knowledge about the future from a tiny amount of 
information. For fhat the future can too easily be irregular. In our usual world 
picture (based on second law we might say) there is no regularity in the future 
except for fhe rudiments of regularity left over from fhe past. Therefore we cannot 
conclude anything great about the future from tiny informations like a little bit of 
light going into future. Even if we come fo know fhat such a little bit of light runs 
into the future we do not accept that as a message from the future, because we 
cannot use that to make further significant deductions about the future. When we, 
however, get a letter or a fax, sent in the past we can use its content to conclude a 
lot about the past with reasonable reliability. 

We want to stress that it is our knowledge about a relatively huge regularity 
in the past that makes it possible for us to consider small letters or light beams 
from the past as messages. 

If however in some strange violation of fhe strict second law we came to 
know some regularity about the future, then we could begin to accept small 
pieces of light or paper with text on to give us messages about the future. We 
would then conclude that they would have to go into that pattern of regulari¬ 
ties, which we had come to know as law of nature. If we for instance knew that 
there in some future should exist some very separate rather small hot places (time 
inverted stars) that would be more and more hot by absorbing light, then know¬ 
ing that some light goes out in a certain direction will imply such time inverted 
star(s) in that direction. Then we could claim it were a message about such a time 
inverted star. 

In any case we argue that because of fhe conflict between time reversal in¬ 
variance and the second law, we can hardly imagine any spontaneous breakdown 
model behind second law providing us with say on era with S > 0 unless we also 
have at least the possibility for also messages going the opposite way in time. So 
really models that could even have the slightest chance of a T-invarianf model 
behind second law should have at least time machine effect elements in them. 

It is therefore reasonable fo exercise wifh as simple as possible models wifh 
such time machine effect elements in them. One of the simplest model of this 
sort for which fhere can be given several suggestive arguments is a world or the 
mechanical system of fhe model puf on a closed time like curve (CTC). It shall 
turn out that this model indeed does only a very poor job with respect to being 
a model behind the second law of thermod 5 mamics in as far as we shall end up 
wifh the conclusion that in such a closed loop time world the entropy is almost 
certainly totally constant, all around the time loop. 

Such a time loop model can most simply be taken to mean that we postulate 
the set of momenfs of time to form an S ^ -circle rather than a straight line (or 
some interval or half time axis in Big Bang theories). We can simply take it that 
the general relativity time coordinate is of such a nature that going forward in if 
by a cerfain constanf T (of dimension of time) we come by the coordinate map 
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identifications to the same time moment (or say space-time points) as we started 
from. We could call this restriction that the world has got an intrinsic period T. 

In the usual Big Bang picture which is in simple general relativity enforced 
by the knowledge of the Hubble expansion and suggestive phenomenology ac¬ 
cording to Hawking-Penrose' singularity theorem such an intrinsic periodicity is 
of course not possible. 

Nevertheless it might be imagined that in a final theory behind general rela¬ 
tivity and not quite in agreement with the presuppositions of the just mentioned 
Big Bang enforcing theorem, it could e.g. happen that no start or crunch singular¬ 
ities were allowed. 

In fact for instance superstrrng theory is presumably of the type without a 
starting point of time. There is possibility that a time parameter would go from 
—oo to -foo, but it would still mean, in a sense, some singularities. Therefore the 
most elegant would be a compactified time. 

Whatever there might be of essential reasons for even nature represented by 
a compact time or space-time manifold it is the purpose of the present article to 
study a world with closed timelike loops - really with a global forming closed 
loop - and compactified in space. As a matter of fact, however, we intend to con¬ 
sider so abstract formulation that we replace all the fields and their conjugates 
over the whole spatial extension of the compactified universe just by one (ab¬ 
stract) phase space. In other words we do not even consider space explicitly, but 
just a general mechanical system - i.e. a point moving in phase space accord¬ 
ing to a Hamilton's equations -. The compactness of the time manifold S' then 
means that this general mechanical system is enforced to be strictly periodic with 
a period T which is circumference of the above mentioned S ^. 

Let us compare what we are concerned with a space-time with holographic 
principle |iS|. The holographic principle applies to worlds with a periodicity in 
time - and thus closed timelike loops - but still having a spatial infinity. Then 
what goes on in this space-time 4-volume is then determined by the boundary 
conditions at the spatial "far away". This is holography in the sense that the in¬ 
formation on the space-time field configurations packed into that on boundary 
surface placed far out in spatial direction. 

In the present article we consider a compactified space so that there is no 
surface far out and then even the state of the system should be fixed alone by the 
structure of the system e.g. the Hamiltonian H of the system if we think of it as 
the abstract mechanical system. 

It is a very important point to have in mind for the present article that when 
time is compactified - it means in reality that a periodicity with given period is 
imposed - there are as many periodicity requirements as the dimension of the 
phase space. Also the manifold of initial conditions for the system has the same 
dimension since it simply is the phase space. Unless some of the periodicity con¬ 
ditions are not independent or perhaps contradictory the expectation is that there 
are just a discrete set of solutions to enforced periodicity constraint. By consid¬ 
ering a discrete set of solutions as "essentially" or "locally" just one solution we 
can say that the periodicity with enforced period T fixes an "essentially" unique 
solution. When the Hamiltonian is not explicitly time dependent and thus con- 
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served there is formally a one dimensional manifold of starting points, because 
a start at one of the points in phase space reached along the orbit of the system 
in phase space will just give rise to the same periodic motion just delayed in its 
development. But even that can be called an "essentially" unique solution. The 
main point is that compared to a phase space with a huge number of degrees of 
freedom some discrete solutions or even one dimensional sets of solutions is little 
different from a unique solution. By far most degrees of freedom get settled by 
the given period with periodicity fixing. 

The main purpose of the present article is to deliver a very general estimate 
of what we would consider the entropy of the essentially unique solution as just 
stressed above, to our periodicity constraint with a fixed period. To put our esti¬ 
mate in perspective one should have in mind that if one chooses a random state 
of a mechanical system with a probability (density) given simply by the phase 
space measure, one almost certainly find it to have maximal entropy. The reason 
that it is so is because a macro state is associated with a volume of the phase space 
proportional to where k is the Boltzmarm's constant and S the entropy. This 
is certainly true because the entropy S could be defined to be klog (volume of 
phase space of macro state) [7|. 

With the above mentioned consideration in mind that thus the normal situ¬ 
ation for a state chosen randomly in phase space is to have maximal entropy, it 
would be quite interesting to show that for a somewhat differently chosen state 
or point in phase space, the entropy is not maximal. This is indeed a remarkable 
thing. 

The main point of the present article is precisely to show that with high prob¬ 
ability the state obtained by the enforcement of the given period in advance for a 
"random system" will not have maximal entropy. 

In the following section 2 we set up a general formulation for macro states 
and approximately conserved quantities. In section 3 we argue for our expec¬ 
tations for the likely entropy of the state determined from enforced periodicity 
under some simplified assumpfions. In section 4 we then take into account more 
general way of effective macro states without having them identified completely 
by sets of exactly conserved quantities. In section 5 we investigate the extension 
of our classical calculation of the likely entropy to quantum mechanics. In section 
6 we conclude and present some outlook. 

10.2 The philosophy of random Hamiltonian 

It is the philosophy - as is usual - also in the present article to avoid fine tuning of 
any parameters, quantities involved in a given system. We can strengthen this by 
making the general assumption that apart from the symmetry restrictions which 
we impose the Hamiltonian and also other parameters or functions describing the 
model are taken to be random. This kind of randomness means thaf we e.g. for 
the Hamiltonian think of a probability distribution over the space of a large class 
of functions defined over phase space. That is to say that we have in mind a dis¬ 
tribution density P[H] destined to multiply a functional measure VH so that the 
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probability for the Hamiltonian belonging to a certain subset A of "all" functions 
is given as 




P[H]X>H . 


( 10 . 1 ) 


We may think of it this way, but in reality it is very difficult to find a reasonable 
functional integral measure HH so that not almost all functions after such a mea¬ 
sure become very bad functions with respect to continuity and differentiability. 
For the purposes for which we want such random functions it is, however, not so 
important that the measure be precisely of such a form P[H]I?H. Thus we could 
as HH well instead take, some system of parameterized functions H(f,, q, p) de¬ 
pending on a set of parameters £,. 

Then we can choose - somewhat arbitrarily, but still in a reasonable way a 
measure over the space of parameters. By making the parameterization so that it 
guarantees smooth (continuously differentiable) functions we can in such a way 
obtain random differentiable functions. In as far as the Hamilton equations in¬ 
volve the partial derivatives of H with respect to the pt's and the qi's it is of 
course strictly speaking needed that H be differentiable. But in practice we care 
only for properties which are true "almost certainly" in the mathematical sense. 
In this way we mainly ignore null-sets (i.e. sets of functions with zero measure). 
The point of course is mainly that we do not accept our conclusions to be proven 
wrong by just a very specially made up counter-example. We could take the phi¬ 
losophy that it would be exceedingly strange if Nature should just have chosen 
a very special function. We really rather go for investigating what we shall t 5 rpi- 
cally expect. Really we believe that it is in a way a law of nature that unless we 
have some laws enforcing special feature we shall only get the most likely results 
according to such a randomness model. Really of course if we see something un¬ 
likely in this randomness philosophy we should make a new law explain so that 
it would no more be strange. That is how science works, you must make new 
laws whenever something is strange in the sense of violating the old ones or even 
just the statistical expectations derived using only the old laws. 

The philosophy described in this section is essentially that of random dy¬ 
namics, taking the laws of nature as random. 


10.3 Setup of formalism for macro states 

The formalism to make definition of entropy possible which we shall use here 
is of the following t 5 rpe: We imagine the phase-space of what we call the macro 
system divided up to a large number of "macro states" characterized by some 
"macroscopic variables". That is to say we imagine some functions f,{p, q) - called 
the "macroscopic variables" - to be defined over the phase-space the coordinates 
of which we denote symbolically as (p, q). We then think of the set of all the 
points in phase space which within some finite small accuracy has given values 
£,0 so that 


|£.o -f,{p,q)l < £macro > 


(10.2) 
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as a macro state. Here emacro denotes a small quantity for the macroscopic vari¬ 
ables. We can then define enfropy S(f,o(£)) for the macro state at £,(p, q) « f,o 
as 

S(£,o(£)) = klog Vol{{p, q) ||£,o - f,(p, q)| < Cmacro} (10.3) 

where k denotes the Boltzmann constant. 

Often in statistical mechanics one may meet macro states. However, the macro 
states appeared in the present paper may not quite seem to be of this kind. Thus 
it may be needed for us to define thaf it is in fact always allowed to work with 
our point of view. 

Examples of the macro states which is not at first glance of the type we de¬ 
scribe is made by almost all Gibbs ensembles and also by grand canonical en¬ 
sembles. For a simple canonical ensemble one should think of the temperature 
as one of the macro state parameters i.e. one of fhe f,o-components. Formally, all 
the states in canonical ensembles corresponding to two different temperatures T] 
and Ti say are the same just with different probability (densities). Since it is well 
known that one can approximate for macroscopic systems by a canonical ensem¬ 
ble, we could make the temperature of a state in phase space (p, q) be assigned as 
a function of the energy H(p, q) for that state in phase space. The "temperature" 
T(p, q) of the state (p, q) should be made 

T(p,q) =f(H(p,q)) (10.4) 

where f is the function giving the macroscopic relation 

T = f(U) (10.5) 

for the system. Here U denotes the energy U = (H). 

Since the spread in energy H for a canonical ensemble becomes rather small 
for highly macroscopic system the error by taking the entropy as we suggested 
above with Cmacro sufficiently big to allow the H-spread would be small. 

It would be easy to argue similarly for grand canonical ensembles by ap¬ 
proximating it by an ensemble with a fixed number of particles. Again we could 
use the approximately unique relation between the number of particles and the 
chemical potential and thus define a macroscopic variable among the f,o's to rep¬ 
resent the chemical potential. 

A priori it may be a question of our possibilities for finding some parameters 
which we can keep track of as our "macroscopic variables" f,. Such keeping track 
of the variables F(p, q) is the easiest if they are reasonably stable under the time 
development of the system. There will be total stability of the macroscopic vari¬ 
ables H,(p, q) if they are indeed conserved quantities such as changes. You could 
typically imagine that they would be taken to be conserved quantities such as 
angular momentum, linear momentum etc. 

Since the possibility of choosing the macroscopic variables to be conserved 
quantities is such a simple way to ensure the stability of fhem we shall take this 
case as to be used in the next section. More generally, however, one may imagine a 
situation in which the macroscopic variables are not totally conserved but rather 
suffer some diffusion as time goes on. 
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10.4 The entropy estimate in the simple case of conserved 
macroscopic variables 

Let us now illustrate the main argument for that the system with an enforced 
periodicity system will be in a state - or rather go through a series of states - 
in phase space not having maximal entropy. First we have, however, to specify 
in what sense we consider random systems or rather a system with a random 
d 5 mamics. First of all it means that one imagines to put some probability mea¬ 
sure over the set of all functions H defined on the phase space. Then one can 
assume that the Hamiltonian for the "random system" is obtained by picking a 
random Hamiltonian form H with a probability distribution given by the above 
mentioned probability measure. 

To get an estimate of the probability for finding a periodic orbit with period 
T beginning at (qo, Po) we may think like the following: We imagine a system 
development by the Hamiltonian equations - using the random Hamiltonian H 
- which was started at (qo, Po) at/ say, t = 0. As the Hamiltonian is "random" the 
development in time will be "random" too, except though for the selection rules 
or restrictions from that the macro variables are rather stable. In the simplest case 
of macro states characterized by (totally) conserved quantities L say the system 
remains inside the subset of the phase space corresponding to the starting set of 
h-values. The volume in phase space of the subset to which the system started at 
(qo.Po) is 

u^"^ exp(S({Iio})] =u^'^ exp(S({Ii(qo,Po)})) (10.6) 

where S({Ii(qo,Po)}) is the entropy of the macro state - characterized by the con¬ 
served quantities L = li(qo.Po) - corresponding to (qo,Po)/ and Up is a factor 
inserted for each dimension to make the dimensionality correct without assign¬ 
ing the entropy very strange dimensionality. Thinking of defining S by a quantum 
mechanical formula like <10.6> below we should take 

Up = Vh (10.7) 

So the smaller this entropy S(qo,Po) of the starting state (qo,Po)/ so to speak, the 
smaller the volume to which the system of state will be confined. 

Now the main thinking is that it is easier or more likely to reach back to the 
starting point (q o, P o) by accident if the volume into which the system can move 
is smaller. Actually the probability to find back to the starting point (qo,po) just 
at time t = T (where T is the imposed period) within a given uncertainty range 
must be inversely proportional to the phase space volume which is e^hqo.po)) 

We could choose a certain fixes accuracy for which in the phase space by 
calling that practically we coimt all (q, p) with 

ll(q,p) - (qo,Po)ll^ < Ep.s. (10-8) 

as indistinguishable where Cp g denotes a chosen small accuracy error in phase 
space. For the purpose of judging if the period is just T, we accept ||(qo,Po) ^ 
(q(T),p(T))||2 < £p s as the criterion for this periodicity condition. Here the 
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{q(T),p(T)) are the time developed ones from (qo,Po) during the time T. We 
may now simply estimate that the probability that {qo,Po) with sufficient accu¬ 
racy given by £p g gives rise to a periodic motion with period T is 

P ({qo,Po) has T) 

= P [(q(T),p(T)), is inside £p.s. sphere around (qo,Po)] dqodpo 
~ Ce-^'‘’‘>’^‘>>dqodpo. (10.9) 


Here dpodqo is the (Liouville) phase space measure which is invariant under 
canonical transformations. The probability for finding a period T starting point, 
i.e. a (qo,Po) in a macro state (subset of phase space) with entropy S{macroi )(= 
S(qo,Po)) is given by 


C 


,-S(qo,Po)£iq^^p^ = X e-S(macro,: 


= C. 


( 10 . 10 ) 


Thus all the possible macro states have the same probability for having a periodic 
orbit with period T. 

This result is remarkable because the different macro states will typically 
have wildly different phase space volumes in as far as fhey are proportional to 

gS (macro) 


10.4.1 How is the realistic situation with respect to T-periodic orbits? 

In this subsection we should estimate more realistically what the number of pe¬ 
riodic orbits. In a macro state with k fixed conserved quanfities in a system with 
N degrees of freedom so fhat phase space has dimension 2N this macro state has 
dimension 2N — k. By use of integral invariants of Poincare for small areas ex¬ 
tending partly in the direction of a conserved quantity partly along its conjugate, 
we argue that small line pieces along these conjugate directions do neither extend 
nor contract as time goes on. This makes k directions of zero scaling. The remain¬ 
ing 2N — 2k dimension will typically scale up or down. Let us assume - we may 
still have to prove it - that half of them i.e. N — k dimensions scale up while the 
rest of N — k scales down. After long time a little region around (qo > Po) will have 
scaled up exponentially with "Lyapunov exponents" (not only the maximal one, 
but all positive ones) and will have become enormous. The region obtained from 
the starting 2N —k very small region will be blown up to a huge N —k dimensional 
surface, still with a bit of extension in the k directions but strongly contracted in 
the N — k directions of contracfion. 

We may imagine reaching such an approximately N — k surface by propa¬ 
gating the very little region forward from t = 0 fo t = j. Similarly we should 
get an effectively IM — k dimensional one by propagating backward from t = 0 to 

t = -5- 

To seek periodic solutions for fhe system we should seek cuts of fhe two 
N — k dimensional surfaces corresponding to j and — j respectively both sur¬ 
faces lying in the 2N — k dimensional submanifold in phase space fhat represents 
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the macro states characterized by the k fixed conserved quantities h. they will 
generically never cut for given h's because even to just cut in one point would 
require generically that the sum of the dimensions of the surfaces would become 
equal to the total dimension 2N — k. Now (N — k) + (N — k) = 2N — 2k and thus 
the k parameters would have to be tuned to get a cutting. But k is just the num¬ 
ber of the dimensions of the space of the continuously many macro states and 
so we expect to find cutting for discrete values of the macro state characterizing 
conserved quantities h. 

For the purpose of making an estimate of the number of solutions we should 
like to define an effective average of the Lyapunov exponent jav so as to give the 
(N — k) dimensional "area" of the j surface defined above as 

X exp [J -Yav • (N - k)] (10.11) 

Here of course Yav < Y where y is the maximal Lyapunov exponent. We must 
imagine, if we can consider in practice the macro state as compact, that the N — k 
dimensional surfaces corresponding to j and — j are much folded back and forth 
and essentially cover the whole macro state. What we really want to estimate is 
the typical distances measured in the space of the different macro states i.e. in the 
space with the conserved variables {L} as coordinates. We ask so to speak how 
large a A will give us just about one solution in the volume in this space with 
extension A. 

If we call the distance we imagine to get out in the {L} from the starting point 
A we cover a space of volume A'^. After such extension we should get generic 
crossing and could ask how many crossings. 

Let us define a "potential crossing volume" of dimension 2N — k and imbed¬ 
ded in the macro states as explained of this dimension as being the product of the 
three "areas": 

ep.7’^exp(lYav(N -kj) • expjlyavlN - k)j • A'^ . (10.12) 

The number of solution - in the A'^ volume - is this (2N — k)-volume divided by 
the full volume of the phase 

^2N-kexp(s). (10.13) 

Now above we though still did not sum over all the cells of size where 

the motion could have "started". That of course should be in the phase in question 
having volume <10.13> (see page 19). So there is place for 

^2N-k 

# cells = • exp(S) (10.14) 

£p,s 

small cells. 

However we do not really use the extension of the small cells in the direction 
of the k dimensions corresponding to the conjugate variables to the conserved 
quantities, so it is better to think of only counting cells in the remaining (2N — 
k) — k = 2N — 2k dimensions. We instead use the A'^ volume to count for how far 
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we should extend in the {hj-space to get the true crossing. But that then means 
that we should count the number of cells being for layers in the last k dimensions 
out of the 2N — k but only in the 2N — 2k ones corresponding to the dimensions in 
which we get the huge extension in one or the other time directions. In this point 
of view we should rather say that the number of cells we must use is 


#(cells on surfaces) 


u 


2N-2k 


.2N-2k 

^p,s 

Us 

£p,S 

•Us 

£p,s 


-exp 

^ 2 N- 2 k 

2N -k 

2N-2k / / 


exp ( S • ( 1 

2N-2k 


•exp(S) . 


2N 


(10.15) 


Thus the full number of solutions is 


£^ 3 '^ exp (|Yav(N -k))^ 
uf'^-'"exp(S) 


.2N-2k 

Pp,s 


(10.16) 


In the light of the number of dimensions k corresponding to the conserved 
quantities being tiny compared to the total number of degrees of freedom N 3 > k 
we do not consider the factor £pas very important. If therefore looks (at first) 
that the density of classical periodic solutions with just period T is ^ evaluated 
so that there is just one solution per k-volume of order A'^ which means so that 


1 « Ep.'^sA'^exp (TTav(N - k)) . (10.17) 

This density thus becomes 

^ ~ £p,'^ exp (TYav(N - k)) . (10.18) 


At this stage it thus looks as if the density were wildly dependent on the average 
Lyapunov exponent through the presumably hugely varying factor 


exp(TYav(N-k)) . 


(10.19) 


This would indeed be the result if we took it that all the classical solutions 
had the same probability for being realized. But as we shall argue in the next 
subsection this is not realistic. Rather it will turn out that the bigger this huge 
factor is with the smaller weight should we count the solution in question so that 
actually this huge factor exp(TYav(bJ “ k)) gets (essentially) canceled and we end 
up with the result - again - that the density of probability in the space of macro 
states realized in the intrinsically periodic world is indeed very smooth, slowly 
varying compared to what huge variation that could have been imaged. 


10.4.2 Weighting of the different classical solutions 

In this subsection we include a correction in the sense that different classical so¬ 
lutions |'Sl| should not a priori be counted as equally likely but that these different 
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tracks rather obtain a probability weight strongly related to the Lyapunov expo¬ 
nent. 

Realistically we should always count that there is some uncertainty, even if 
small. If for no other reason, quantum mechanics will provide such a source of 
uncerfainty. We shall fhough sfill posfpone quanfum mechanics proper to section 
6 and it may be pedagogical here to think of some ofher source of uncerfainty. 

Let us here first develop - for self confent - the behavior of orbifs very close 
fo a given classical solution by Taylor expanding fhe Hamilfonian say. Defining 
fhe deviations of the canonical coordinates qi and the conjugate momenta pt from 
their values qcii/Pcii along the considered classical motion 

Aqi^qi-qcii, (10.20) 

Api = Pi - Pel t 


we easily derive the Hamiltonian for fhe Hamilton equations for fhe deviations 
to the accuracy of up fo second order terms in Taylor expansion 


Aqt — qt qci i 


^ 9qj9pi ^ 


9pj9pi 


Apj , 


A- A A 


9pj9qi 


Equivalently in matrix form fhey read 


( Aqi ^ 


( Aq, ^ 

Aq2 


Aq2 

AqN 

= M 

AqN 

Api 


Api 

Ap2 


Ap2 

yApN ) 


\ApN / 


( 10 . 21 ) 


( 10 . 22 ) 


where M is fhe 2N x 2N mafrix of second derivatives of the Hamiltonian 


a^H \ 

aqjaqi apjaqi / 

Here N is the number of degrees of freedom and fhe four symbols ^ etc. 
stand for the four N x N submatrices, with i enumerating the rows and j the 
columns. 

Introducing the 2N x 2N matrix 


J = 



(10.24) 
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we note that the time development matrix M obeys 


JMJ = 


3^H a^H \ 

9P)9qi 9qjaqi \ _ j^T 

3^H 3^H I — 

9Pj9pi aqjapi / 


(10.25) 


^From this property we immediately obtain that the spectrum for frequencies 
cu defined from seeking deviations 


/Aq, \ 


/ Aqi 0 ) 

AqiM 

Api 

= 

AqN 0 
Api 0 

\ApN / 


V ApiM 0 / 


(10.26) 


with the Aqi o and Apt o's being constant in time is defined as fhe eigenvalue 
spectrum for cu as 



f Aqi 0 ^ 


^ Aqi 0 \ 

icu 

V^Pn 0 ) 

-M 

^ApN 0/ 


or from fhe zeros of fhe secular equation 

0 = X>et(M + icul) 


(10.27) 


(10.28) 


from where if is seen to consist of pairs of opposite eigenvalues. That is to say if 
cu is an eigenvalue then so is also — cu. In fact equation lll0.28> implies 

0 = Vet(Mj + icul) = Vet(l MI + icul) (10.29) 

= Vetj —M. + icul) — icul) 


and so we see that together with cu we must also have — cu* as an eigenfrequency, 
namely by complex conjugating equation <10.271 which gives that the complex 


f MU 


conjugate column 


is an eigenvector corresponding to the frequency 


V^Pn 0 / 

—cu*. Provided we do not have a whole set of four differenf related eigenvalues 
(cu,—cu,—cu*,cu*) but rather only two related eigenvalues we must have either 


- cu* = cu or - cu* = -cu . (10.30) 

The possibility <10.301 only allows that cu is either purely imaginary or purely 
real. Both these possibilities are easily seen to be indeed realizable respectively the 
inverted and usual harmonic oscillator used as examples. 

In the case of cu real fhe pafhs close to a given classical solution circle around 
the latter, much like a harmonic oscillator - or rather several - in phase space 
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circles around the equilibrium point. If we however have the purely imaginary 
cu = — cu* then the situation is rather analogous to "the inverted harmonic oscil¬ 
lator", meaning a particles near the top of a hill. In such an rmstable equilibrium 
situation it is well known that the solutions are rather of fhe form of linear combi- 
nafions of exponentially varying solutions in time of the form call the coeffi¬ 
cients in the exponent, y — Im cu, in time local Lyapunov exponents. In any case 
it is very important for the cancellation, which we are going to show that averag¬ 
ing over time these eigenvalues ±y are closely related to our averaged Lyapunov 
exponent yav In fact we have the relation 

Y lT(t)|dtl=yav- 

Jthe period T along the classical path .1 j-rr . . i ' 

r f f ditferent eigenvalues 

(10.31) 


In principle y qv depends on the path. 

The physical meaning of these imaginary frequencies cu = iy is that the 
nearby paths soon move away from the given classical path (qt o(t),Pi o(t)) ex¬ 
ponentially. If we thus put some cut off - some accuracy of measuremenf say - 
for how far out we still consider a neighboring path connected with the given 
classical path still in the neighbourhood, this border will be crossed every unit of 
time by the fraction of all fhe surrounding neighbouring paths being 

"Fraction being lost per unit time" = z lT(t)l . (10.32) 

It 

Note that the probability for some random neighboring pafh is all the time given 
by <10.32t independent of the precise size and shape of the cut off chosen to de¬ 
fine whefher a pafh is still in the (closed) neighbourhood. It is only required that 
the cut off is chosen to give a small enough neighborhood that the Taylor expan¬ 
sion we used is valid as a good approximation. That we have this loss rate <10.32t 
independent of fhe details of the cut off is of course a consequence of fhe spread¬ 
ing of the neighboring track/paths is a pure (exponential) scaling up with time, 
a scale invariant operation (i.e. not involving any unit for say qt). 

When we now consider a classical periodic path with intrinsic period T, we 
should realistically think of it as representing a tiny little neighborhood of accom¬ 
panying pafhs. Now following along the classical path we have just calculated the 
loss rate of fhese accompanying pafh. That means that whatever neighborhood 
we had chosen to represent the "accompanying paths" we loose per unit time 
the fraction |y(t)| of them. So the total fraction of fhe accompanying tracks 
which survive all the period T through is 


"Surviving fraction" = exp 


^ . along the period 


Y_ lT(t)ldt 

It 


This is actually the "average Lyapunov". 


(10.33) 


"Surviving fraction" = exp (—yavffor the cl. solution)T) . 


(10.34) 
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It is obvious that starting with a random start very close to one of the periodic so¬ 
lutions the chance that it will return a period later equally very close is only this 
“survivalfraction" = exp (—Yavlfor the track)T). We should therefore not take 
all the classical periodic solutions with period T as equally likely, but rather we 
should weight them statistically with weight factor exp (—Yav(for the solution)T). 

Interestingly enough this probability weight which a priori could have influ¬ 
enced the relative likelihood for different macro states, happens to just cancel the 
corresponding factor exp(YavT) occurring in the number of solutions. That is to 
say: the effect of loosing the accompanying path due to the spreading intervals 
in time where some period o) are imaginary is just compensated by the way the 
number of solutions is also sensitive to the Lyapunov exponents. 

So we really do not need to calculate Lyapunov exponents to estimate the 
likelihood of the various macro states in our intrinsic periodicity model. The re¬ 
sult that all the macro states have similar probability for being realized in fhe 
model is still true even when the Lyapunov exponents were taken into account 
because their effect is remarkably just canceled out! 

10.5 More general macro states 

If one makes fhe assumption used in foregoing section that the macro states are 
totally specified by a series L of conserved quantum numbers L, then the macro 
state cannot change with time at all. Thus entropy variation with time is com¬ 
pletely excluded under such conditions. Thus any hope of deriving the second 
law of thermodynamics in such a model would be excluded alone for fhe reason 
fhat the macro state could not change. 

We therefore must make the assumptions a little more liberal so that the 
macro states are able to change the one into the other one. These processes of 
changing macro sfate should still be somewhat suppressed and unlikely. Never¬ 
theless it should now be possible. 

We wish to argue, however, by an argument similar to that of section 3 that 
it is unlikely that the periodic orbit with given period T will have its entropy 
change, but very little. Hereby we mean that the macro state - if if changes at all 
- will only change between macro states with approximately the same entropy. 

The argument runs indeed in the following way: we ask for fhe probability 
of a motion of the system starting at a phase space point (qo,Po) with sufficient 
accuracy periodic with the period T. Let us say that (qo,Po) belongs to a macro 
state (q 0 , P 0 ) M with entropy S ((q o, p o) m ) where M denotes macro states, but that 
during the motion with time t the system runs into other macro states Mi, M 2 , 
etc.. The chance for the system to be at time t = T (by assuming to at t = 0) back 
again at (qo,Po) is inversely proportional to gSiMi) ^ gmaxS(Mi) jg ^-q 

say that it is inversely proportional to the exponentiated entropy for thaf of fhe 
passed macro states, which has the biggest entropy, 

max{S(Mi) | i corresponding the passed M} . (10.35) 
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But the phase space for a starting point (qo, po) in a macro state is 
gS(qo,po) xhus the chance goes as 


gS{qo ,Po)-max{S(Mi)} ^ 


(10.36) 


By having the entropy vary during the periodic motion will - always - bring 
down the relative probability, in fact by the factor given by the left hand side of 
In this way it gets more and more unlikely the bigger the spread in the 
entropy during the passage. 

Ignoring the small variation in entropy allowed and it is indeed only a very 
small amount allowed, we conclude that the entropy will stay constant. 

In the above statement we argued completely generally and in an abstract 
manner with the compactified time manifold of the form that the initial con¬ 
ditions become essentially fixed and that in such a way that the entropy becomes 
completely conserved. Note that this means that in such a machinery - which can 
be said exists inside a time machine, i.e. closed time like loop - the entropy be¬ 
comes constant and there would be no place for a nontrivial entropy increase. There¬ 
fore the second law of thermodynamics would only be true in the trivial manner 
that entropy stands still. A nontrivial increase would not be allowed. 

Logically it thus seems that since we have certainly the nontrivial increase in 
nature we would have to claim that the world would not possibly turn out to be 
of type of the compactified time as discussed in this article. 

It could be greatly interesting to remark that as superstring theory is said to 
be of the type without the singularities initiating or finalizing the time-axis, then 
our way of arguing would imply that superstring theory would not be compatible 
with second law of thermodynamics. 

We must, however, admit the caveat that our phase space were taken in the 
discussion as of finite volume. Thus if the "system" were a field theory in an 
infinite space, then perhaps we should reconsider the argument. Arrow of time 
axis turn out to infinity could spoil this argument. 

10.6 Attempt to extend to quantum mechanics 

At first one would have thought that the argument in section 3 that enforcing 
periodicity with the period T would lead to essentially all macro states having 
equal probability, should easily be extended to work also for quantum mechanical 
systems. However, strangely enough we shall see that at first it does not extend 
to quantum mechanics. 

To repeat the same story quantum mechanically, in the simplest case we 
should consider a quantum mechanical system with a series of conserved op¬ 
erators L - among which L is the Hamiltonian - get that the imposed periodicity 
T simply comes to require that 


TH = Ti; = 27Tn, 


(10.37) 


and I( the eigenvalue of L = H with an integer n. In this way all the states 
defined by 


{|rjj) I Vi [tilrl;) = 1{ |rl;)] } 


(10.38) 
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will be unchanged by the time development operator for the period T. If 

we now ask for the macro state specified to have the subspace characterized by a 
set of eigenvalues h the allowed set consists of the set of macro states that satisfy 
eq <10.371 . The dimension of this subspace is obviously to be identified with 
where S(M) is the entropy of the macro state M. Here the entropy is given by 

S({Ii}) =logdim{!rl;)| Vi(tdi^) =1(1x1^))} • (10.39) 

Taking seriously that Hamiltonian H = Ii, say, is among macro state specifying 
parameters, we simply get the condition for the periodic system with period T as 

TH' = Ti; = 27tn (10.40) 

with an integer n. It means that the time translation operator through the micro 
states in the macro states in question. Actually it is obvious that on the states in 
eq <10.381 . the time translation operator acts as 

This simple relation means that the macro states with the imposed period T' are 
just those with a series of I j values of multiple of Such macro states be with a 
smooth distribution in the space of {!(} values. In this manner we reached a result 
similar to the one in section 3. The entropy can vary a lot as the {!(} values are 
varied and thus we still have the surprise that we get smooth probability distri¬ 
bution in the manifold of macro state in spite of the strong variation in entropy S 
and therefore huge variation of the phase space volume . 

10.7 Conclusion and outlook 

We have studied the consequences of imposing a given period T in advance on 
a "random" physical system. What we found were that such a condition is in 
general only fulfilled for some or few macro states. The remarkable point is that 
this macro state is not simply one with maximal entropy. On the contrary we 
rather get for a random system same probability for the different macro states to 
contain a macro state obeying the periodicity T requirement. 

We got this result both quantum mechanically and classically. It should be 
stressed that our quantum mechanical result came by using the Hamiltonian as 
one of our macroscopic variables. It should be born in mind that such a world 
that has an imposed fixed period T is a world which can be said to exist inside 
a time machine. Actually it is obvious that an enforced periodic time variable 
running on S ^ means a time machine in the sense that one gets back in time by 
the periodicity which simply brings a person - part of the system we consider - 
which lives into time T back to time 0. As a consequence of the world considered 
- containing in a time machine, it expected to have "grand mother paradoxes" 
which have to be resolved by some miracles. We can consider the surprisingly 
low entropy resulting for a random model of the type of the fixed period as an 
expression of the "miraculous" solution to the inconsistencies otherwise easily 
popping up. 
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An outlook to an application of the present work could be that we suppose 
that for some reason or another - philosophically that there be no singularities at 
which time stops or begins, or superstring theory - the time manifold is forced to 
be compact and thus we are forced to a periodic world development. Then this 
world would have a promising point concerning the establishment of a "deeper 
understanding" of the second law of thermodynamics. However, to get a varying 
entropy with time is seemingly not coming, so really it was not a successful model 
to explain second law of thermodynamics. 

We seek to present our failure to obtain in such a model the genuine increase 
of entropy into a no-go theorem developing the rather trivial point that second 
law is strictly speaking in disagreement with the time reversal symmetry princi¬ 
ple: The well known arrow of time problem |(3|. Could even some time reversal 
invariant laws allow naturally say in time locally in some era, an effective second 
law to be valid. We hope in near future to see which conditions are enough to 
make even such models impossible. 
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Astri Kleppe's Song 


Wolf light 

I 

You asked me in my dream 
what time is. When I answered you 
turned 
away 

But I know, I called out 
and knew 

Already was my answer dissolved 

Where does the recent now 
of a moment pass? My face 
you just saw, 

"imagine that the world emerged 
by a mistake, 

like when you lose a plexiglass 
on a stone floor" 


II 

I have a picture of you 
on the wall, black, white 
and grey 

March twilight, an airplane 
shadow 

moves over the roofs 
What is it the paper attempts to 
interpret? The granularity 
of the pigmentation effaces the an¬ 
gles 

of your eyes, and the mouth keeps 
moving 

under my effort to see. What 
is an other? Air planes 
plunged in borrowed light. 


on summer mornings, a little child 
who plays by the seashore (the 
colours of stones are clearer in 
water), 

and the stone which is me 
is washed over 

by other rains, by the prospects 
of other truths 
Three straight cuts, a giant 
crosses over. And under the roofs 
the street space catches hold 
of the slowly wandering 
of nearby stars 

Like us, perhaps they call their 
neighbours 

But which homes, which places 
in this sinking? 


Ill 

It is quiet. I breathe and it is silent, 
we talked at length and I shut my 
eyes, lifted 

by pictures gently passing, 
the oddness of a touch 
of other seashores 

It is quiet. Am I asleep? 

We talked a minute ago about the 
burned land, 

the meadow's faithless green. It re¬ 
tains 

no steps. Earth's file of index cards 
where exchangeable pass 
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Maybe in the glimpses between 
sleep and wake, 

the waves between dead and alive, 

like the sun ray forcing 
its way through the heavy curtain, 
a way 

through the room, in the hair 
on her shoulders, in the stripes 
of her lips. She looks up, somehow 
astonished 

Scent of linen, charlock blossom, 
an afternoon wind drives across 
the field 

And she dips her fingers 
in the water furrows, 
perhaps the dead communicate 
by means of winds, of wind grey 
aspens 


IV 

I was a child 
by the water side, played 
with the shells 
and stones, wrinkles 
of sand 

Sometimes we collected mussels 
But no fire 

Like stars, stones dispersed, 
glittering in the sun. According to 
which 

order are they given room, which 
clockwork 

carries stones, the movement of 
stars? 

Voids fumbling 

in each other's space, clamping 
onto nothing, falling 
towards nothing 

No, why should anyone 

be more concerned 

than the sun by a water surface. 


than a feather by the waves, so 
light 

And groping for another Earth, at¬ 
tachments 

for the weightiness. They said 
affinities 

draw limitations through all 
things, specific ones 
for every body 


V 

"Every man has a part in light", 
on my wall 

I have a picture. Of you? These 
eyes that look at me 
so questioning, accusingly 
O, let us chat, let us tell some lies 
together 

Breakfast light, let us wake up, per¬ 
haps 

we talk about our dreams, a door 
that can't be opened and something 
that approaches, weird 
and other 

The snow light is so white today 
I dreamt we walked 
along the road, a winter day like 
now 

Then suddenly I saw the buds, all 
swelling 
like in May 

The rooms are much too white 
You said you are a stranger here, 
but trees 

are they not just as strange? Indif¬ 
ferent 

their frozen time which flows away 
I looked out of a window 
in my dream. A yard 
there under me, enclosure 
with a tree 

From which a piece of cloth is 
hanging, and I strech out 
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to reach it as it flutters back, 
around 

the tree and drapes it 

And in the dream you tell me 
that to carry fruit the tree 
invokes the darkness 
where all light is hidden 


VI 

The Milky Way hovers 

in dimmer light, 

for skaters' moist dance, a city 

where fragments of nightly tales 

appear. They sang 

you must tar your back 

and keep fir twigs 

in mind, sign secret weeping, 

weep and tar 

And space grows denser there, 
your face, 

your ears spread out, a 
picture's hunger 

Thursday, vacuum-cleaning, laun¬ 
dry, 

and the witch goes to the 
supermarket, gets 
her dough for gingersnaps 
and eggs and matches, tsimtsum, 
in this 


best of worlds, laboratory 
for Paradise studies 

And sure, we have mapped out 
the trajectories of motion, and you 
fried eggs for breakfast, they should 
be eaten there 
at once 

you said, and morning 
struck into the kitchen, 
pictureless like time, 
and lemon green 


vn 

On my wall 
I have a portrait 
Reflected in the wall stains, 
in shadows long since erased 

"They have taken my face 
away from me", 

wrinkles between gold foils, pic¬ 
tures 

of time, all time, clay eyes 
out of the dusting earth 
where the young child plays in the 
early light 

... perhaps she covered her ears af¬ 
terwards, 

when she had ignited 
(that was the fire) 
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